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1 Introduction

Let {yε(t), t ≥ 0} be series of right continuous homogeneous Markov processes [4] on the
countable space Y ⊂ R depending on parameter ε ∈ (0, 1) with weak infinitesimal operators
Qε defined on any element of the space V of bounded mappings v : Y → R by the equality

Qεv(y) := a(y, ε)
∑
z∈Y

[v(z) − v(y)]p(y, z, ε), (1)

and let us suppose that 0 < a1 := inf
y∈Y

ε∈(0, 1)

a(y, ε) ≤ sup
y∈Y

ε∈(0, 1)

a(y, ε) := a2 < ∞. For any fixed

ε ∈ (0, 1) the Markov process with infinitesimal operator (1) is piecewise constant process [4, 7]
with switching moments {τ ε

j , j ∈ N}. These random variables can be recurrently defined by
equalities

τ ε
0 = 0, Py(τ

ε
j − τ ε

j−1 > t) = ea(y, ε)t, j ∈ N, y ∈ Y, t ≥ 0.
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Now we will describe the series of Impulse Dynamical Systems (IDS) in R
n with parameter

ε ∈ (0, 1) this paper deals with. The phase coordinates xε(t) of this systems satisfy:
1) the initial condition

xε(0) = x (2)

2) the differential equation
dxε

dt
= A(y(t), ε)) xε (3)

for all t ∈ (τ ε
j−1, τ ε

j ), j ∈ N;
3) the conditions of jumps

xε(t) = xε(t − 0) + B(y(t), y(t − 0)), ε)xε(t − 0) (4)

for all t ∈ {τ ε
j , j ∈ N}, where the matrices A(y, ε), B(z, y, ε) are defined as the series

A(y, ε) =
∞∑

k=1

Ak(y) εk, B(z, y, ε) =
∞∑

k=1

Bk(z, y) εk.

with matrix coefficients satisfying the inequalities

sup
y∈Y

||Ak(y)|| := αk < ∞, sup
z,y∈Y

||Bk(z, y)|| := βk < ∞, k ∈ N (5)

and also the series composed of αk, βk are convergent. It is easily to make sure of existence
and uniqueness of the above defined process xε(t) for all t ≥ 0.

The IDS (3)-(4) we will named as exponentially mean square stable if there exist such positive
numbers M and ρ that Ey |xε(t + s, s, x)|2 ≤ M e−ρt|x|2 for any x ∈ R

n, y ∈ Y and t ≥ s ≥ 0.
Due to homogeneity of the Markov process {xε(t), y(t)} the above inequality is equivalent to
the inequality Ey |xε(t, 0, x)|2 ≤ M e−ρt|x|2.

Let us denote by Q the space of the symmetric n × n matrix-valued continuous functions
{q(y), y ∈ Y} with the subset K := {q ∈ Q : (q(y)x, x) ≥ 0,∀x ∈ R

n,∀y ∈ Y} of nonnegative-
definite matrices.

The set of inner points of K can be defined as K̇ := {q ∈ K : ∃c > 0, q 
 cI}.
The following theorem was proved in [6].
Theorem. Equation (1) is exponentially mean square stable if and only if there exist q ∈ K̇

and r ∈ K̇ such that

Aε q = −r, (6)

where

(Aε) q(y) = AT (y, ε)q(y) + q(y) A(y, ε)

+a(y, ε)
∑
z∈Y

[(I + BT (z, y, ε)) q(z) (I + B(z, y, ε)) − q(z)] p(y, z, ε) + Qε q(y).(7)

Corollary. IDS (3)-(4) is exponentially mean square stable if and only if there exists
solution q ∈ K̇ of equation (6) with r = I.

Equation (6) will be named the Lyapunov equation for mean square stability investigation
of IDS (3)-(4).
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We will suppose that the infinitesimal generator (1) also can be represented as the uniformly
on y ∈ Y, ε ∈ (0, 1) convergent series

Qε v(y) = Qv(y) +
∞∑

k=1

Qk v(y) εk

where

Qv(y) = a(y)
∑
y∈Y

[v(z) − v(y)] p(y, z), (8)

Qk v(y) =
∑
y∈Y

[v(z) − v(y)]pk(y, z), k ∈ N,

p(y, z) is transition probability of some embedded Markov chains and pk(y, z), k ∈ N are some
positive measures on Y. The operator (8) can be considered [4, 7] as the infinitesimal generator
of some homogeneous piece wise constant Markov process y0(t), t ≥ 0. Let us assume that
this operator has 0 as an isolated simple eigenvalue of multiplicity h, h eigenfunctions with
nonintersecting supports Yj, j = 1, h defined by equalities

fj (y) =

{
1, fory ∈ Yj

0, fory ∈ Yk, k �= j.
and the remaining part of its spectrum is situated in the

half-plane C−ρ for some positive ρ. The conjugate operator Q∗ also [4] has 0 as an isolated
eigenvalue of multiplicity h and h invariant measures μk(y) with the same supports Yk, k =
1, h. If h = 1 then [4, 7]the Markov process y0(t) is uniformly exponentially ergodic. It has
unique invariant measure μ(y).

The operator (7) can be decomposed in terms of powers of ε

Aε =
∞∑

k=0

εk Gk (9)

where the operators Gm ∈ L(Q), m ≥ 0 are defined by the formulae

(G0 q)(y) := AT
0 q(y) + q(y) A0 + (Qq)(y), (10)

(G1 q)(y) := AT
1 (y) q(y) + q(y) A1(y) + (Q1q)(y)

+a(y)
∑
z∈Y

[BT
1 (z, y) q(z) + q(z) B1(z, y)] p(y, z), (11)

(G2 q)(y) := AT
2 (y) q(y) + q(y) A2(y) + (Q2q)(y)

+a(y)
∑
z∈Y

[BT
2 (z, y) q(z) + q(z) B2(z, y) + BT

1 (z, y) q(z) B1(z, y)] p(y, z)

+
∑
z∈Y

[BT
1 (z, y) q(z) + q(z) B1(z, y)] p1(y, z), (12)

(Gm q)(y) := AT
m(y) q(y) + q(y) Am(y) + (Qmq)(y) + a(y)

∑
z∈Y

[BT
m(z, y) q(z) + q(z) Bm(z, y)

+
m−1∑
k=1

BT
m−k(z, y) q(z) Bk(z, y)] p(y, z)

+[BT
1 (z, y) q(z) + q(z) B1(z, y)] pm−1(y, z),
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+
∑
z∈Y

m−1∑
t=2

[BT
t (z, y) q(z) + q(z) Bt(z, y)

+
t−1∑
k=1

BT
t−k(z, y) q(z) Bk(z, y)] pm−t(y, z), m ≥ 3. (13)

Hence like in [7] one can prove the next result
Lemma. Let λ0 /∈ σ(Aε) for all sufficiently small ε > 0. Under the above assumptions

there exists positive ε0 such that the solution qε of the equation Aεq
ε −λ0q

ε = f for any f ∈ Q

and ε ∈ (0, ε0) has the form q ε =
∞∑

k=−d

εkqk with some d ∈ N.

2 Averaging, merger and stability

Let us suppose that the differential equation (3) has the form

dxε

dt
= ε A1(yε(t)) xε + ε2 A2(yε(t)) xε (14)

for all t ∈ (τ ε
j−1, τ ε

j ), j ∈ N, and the conditions of jumps (4) have the form

xε(t) = xε(t − 0) + ε B1(yε(t), yε(t − 0)) xε(t − 0) + ε2 B2(yε(t), yε(t − 0)) xε(t − 0) (15)

At the beginning we will assume that h = 1, that is, the Markov process y0(t) has a unique
invariant measure μ(dy) and will denote by ŷ0(t) the stationary Markov function, corresponding
to this measure. This means that for any t ∈ R and A ⊂ Y one can write P(ŷ0(t) ∈ A) =
μ(A). We shall also denote

Cj(y) := Aj(y) + a(y)
∑
z∈Y

Bj(z, y) p(y, z),

Aj =
∑
y∈Y

Aj(y) μ(dy), Cj =
∑
y∈Y

Cj(y) μ(dy), j = 1, 2,

If C1 = 0 one can define [4] the matrix

F := C2 +
∑
y∈Y

∑
z∈Y

(Π C1)(z) p1(y, z)μ(y)

+
∑
y∈Y

{A1(y) (Π C1)(y) + a(y)
∑
z∈Y

B1(z, y) (Π C1)(z) p(y, z)}μ(y)

and the operator H ∈ L(Mn(R))

H q :=
∑
y∈Y

{AT
1 (y) q (Π C1)(y) + (Π C1)(y) q A1(y)

+a(y)
∑
z∈Y

[BT
1 (z, y) q (Π C1)(z) + (Π CT

1 )(z) q B1(z, y)] p(y, z) μ(y)
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for q ∈ Mn(R), where the operator-potential Π.
For the first example let us consider the algorithm described in [6] with d = 1. In this case

in order to investigate stability of the IDS (14)-(15) on the first step we must deal with the
equation

Qq(y) = 0. (16)

According to our previous assumptions about the operator Q one can conclude that the solution
of (16) is an arbitrary symmetric matrix q(y) ≡ q. The conjugate equation to (16) has the form

Q∗ p(y) = 0 (17)

and its solution can be represented as p(y) = p μ(y) with an arbitrary symmetric matrix p and
the invariant measure μ described above.

In the second step we must analyze the possibility of solving the equation

Qq0(y) = −I − (G1 q)(y)), (18)

that is, due to Fredholm alternative it should be

Tr {
∑
y∈Y

{AT
1 (y) q + q A1(y) + a(y)

∑
z∈Y

[BT
1 (z, y) q + q B1(z, y)] p(y, z)}μ(y) + I} p = 0

for an arbitrary matrix p. This is equivalent to existence of a symmetric matrix q as solution
of the equation

C
T

1 q + q C1 = −I. (19)

This equation has positive definite solution if and only if

σ(C1) ⊂ {C : λ < 0} (20)

which is equivalent to asymptotic stability of the ordinary differential equation

dx

dt
= A1 x. (21)

If
σ(A1) ∩ {C : λ > 0} �= ∅ (22)

the equation (21) is not asymptotically stable and then quation (19) has a nonpositive defined
matrix q as its solution. Thus, in both cases (20) and (22) equation (19) has solution q and we
can find the solution q0(y) of equation (18). Then the matrix

1

ε
q + q0(y) (23)

allows us to infer on the stability of the IDS (14)-(15). It is clear that if the matrix q is positive
definite or nonpositive definite then the matrix (23) also has this property for sufficiently small
positive ε. Therefore

- if the averaged equation (21) is asymptotically stable then the IDS (14)-(15) is
exponentially mean square stable for sufficiently small positive ε;

- if the averaged equation (21) has exponentially growing solutions then equation
(14)-(15) also has exponentially mean square growing solutions for sufficiently small
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positive ε.
If

σ(C1) ⊂ {C : λ ≤ 0}, σ(C1) ∩ {C : λ = 0} �= ∅ (24)

then equation (19) has no solutions and therefore d > 1 and we must analyze the equation

Qq(y) = −AT
1 (y) q − q A1(y). (25)

Due to the assumption (24) the equation

A
T

1 q̃ + q̃ A1 = 0 (26)

has as solution a nonnegative definite matrix q̃ [2]. Then equation (25) must have solution
because

Tr {(AT

1 q̃ + q̃ A1) p} = 0

for any matrix p. Let us assume that the Markov process {y(t)} is uniformly exponentially
ergodic, that is, its transition probability satisfies the inequality

|P (t, y, A) − μ(A)| ≤ e−ρt

uniformly on A ∈ G, y ∈ Y for some ρ > 0 and all t ≥ 0. In this case one can define [3] the
potential Π of Markov process by the equality

(Πg)(y) :=

∞∫
0

∫
Y

g(z)P (t, y, dz) dt =

∞∫
0

E yg(y(t)) dt (27)

for all g satisfying the condition
∫
Y

g(z)μ(dz) = 0. Next we extend the potential (27) on all

v ∈ C(Y) by the equality

(Πv)(y) :=

∞∫
0

{
∫
Y

v(z)P (t, y, dz) −
∫
Y

v(z)μ(dz)} dt. (28)

It is clear that Πv ∈ D(Q) and
QΠv = −v + v,

where

v =

∫
Y

v(z)μ(dz).

By using the definition (28) of the extension potential Π the solution of (25) can be written in
the form

q−1(y) := (ΠAT
1 )(y) q̃ + q̃ (ΠA1)(y).

This function can also be rewritten in the form [3]

q−1(y) =

∞∫
0

E y {(AT
1 (y(t)) − A

T

1 ) q̃ + q̃ (A1(y(t)) − A1) } dt.
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The right part of this formula is a linear continuous operator acting on q̃.
Next we must analyze the equation

Qq(y) = −I − AT
2 (y) q̃ − q̃ A2(y) − AT

1 (y) q−1(y) − q−1(y) A1(y). (29)

By using the Fredholm alternative one has to verify the orthogonality of the right part of (29)
to the matrix measure p μ(dy) for arbitrary matrix p. This equation has a solution if and only
if there exists a matrix q̃ which satisfies equation (26) and equation

A
T

2 q̃ + q̃ A2 + (ΠA1)A1

T
q̃ + q̃ (ΠA1)A1 + ΠAT

1 q̃ A1 + AT
1 q̃ ΠA1 = −I, (30)

where overline denotes an averaging according to measure μ (dy). Therefore, the following
conclusions about stability of (21) can be drawn under the conditions (24):

-if the system (26),(30) has positive definite solution q̃ then equation (21)
is exponentially mean square stable for sufficiently small positive ε;

-if the system (26),(30) has nonpositive definite solution q̃ then equation (21)
has exponentially mean square growing solutions for sufficiently small positive ε.

In the papers [1, 3] it is proven that under condition A1 = 0 the solutions of the system
(26),(30) when represented in the form x(t/ε2) converge weakly as ε → 0 to the corresponding
solutions of the stochastic equation

dx̂(t) = (F + Ā2) x̂(t) dt +
n∑

j=1

D j x̂(t) dwj(t) (31)

and if the latter equation is exponentially mean square stable then this property also holds for
the system (26),(30). The same result can be obtained using the above analysis of (26),(30)
with A1 = 0 since then (23) is automatically satisfied and equation (26) is fulfilled for any
matrix q̃. Equation (30) is the Lyapunov equation for analysis of mean square stability of
equation (31) [5]. It can be easily seen that both equations (31) and (26),(30) have the same
asymptotic behaviour as t → ∞. Hence, under the condition A1 = 0:

- if the stochastic approximation of the system (26),(30), given by (31), is asymptotically
mean square stable then the system (26),(30) is exponentially mean square stable for sufficiently
small positive ε;

- if the stochastic approximation of the system (26),(30), given by (31), has exponentially
mean square growing solutions then the system (26),(30) also has exponentially mean square
growing solutions for sufficiently small positive ε.

3 Example

Let us analyse the stability of the system of type (14)-(15), described below.
Let us consider the Markov process with two states space Y = {0; 1}, defined by the infinites-

imal matrix Q =

( −α α
1 − α α − 1

)
where α ∈ (0; 1)

Then the transition probabilities are p(0, 0) = 0, p(1, 0) = 1, p(0, 1) = 1, p(1, 1) = 0 and
intensities of switching are: a(0) = α, a(0) = −α. Therefore the invariant measure of this
Markov process is given by the equalities μ(0) = 1 − α, μ(1) = α.
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Let the above Markov process be switching process for two dimensional MIDS of type (14)-
(15), given by the equations:

dx

dt
= εA(y(t))x

for all t ∈ (τj−1, τj), j ∈ N;

x(t) = (I + B(y(t), y(t − 0)))x(t − 0)

for all t ∈ {τj, j ∈ N},
where A(y) = Ay =

(
0 0
0 −2δ

)
, B(y) =

(
b11 b12

b21 b2

)
zy

1) In the first step we must deal with the equation (16). The solution is an arbitrary

matrix with equal elements Q =

(
q q
q q

)
. Then we solve the conjugate equation (17).

p(y) =

(
(1−α)2

α2
1−α

α
1−α

α
1

)
p

2) In the second step we must find the solution of (19). C1(y) =

(
0 0
0 −2δ

)
y,

C̄1 =

(
0 0
0 −2δα

)
.

(
0 0
0 −2δ

)(
q11 q12

q21 q2

)
+

(
q11 q12

q21 q2

) (
0 0
0 −2δ

)
=

( −1 0
0 −1

)

We obtain, that the solution of this equation do not exists. So we need to continue the
algorithm and find the solution of (26)-(30). But from the equation (26):

2

(
0 0
0 −2δ

)(
q11 q12

q21 q2

)
= 0

follows, that q21 = q22 = 0 of this solution. So the matrix q could not be positive defined and
MIDS can not has any stable solution.
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