ON CONVERGENCE OF GARCH PROCESS
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Abstract. The paper deals with symmetric GARCH models. Assuming that there exists
a second moment of conditional variance we will propose the necessary and suﬃcient
conditions for convergence of the above stochastic recurrent procedure to a stationary
time series. A mathematical background of proposal methods and algorithm are based
on the derived by the ﬁrst author covariance method for Lyapunov stability analysis of
linear diﬀerence equations with Markov coeﬃcients. That permits to write out a mean
square convergence criterion for GARCH models in a convenient for application form of
inequalities involving the model parameters.
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Introduction: Symmetric GARCH(p,q) Models

The symmetric regression model GARCH(p,q)(Generalized AutoRegressive Conditional Heteroskedasticity) with shocks, takes the following form [2]:
Yt = b0 +
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bk Xt

+ ξt , E{ξt /Φt−1 } ≡ 0, E{ξt2 /Φt−1 } = σt2
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This process is described for time moments t ∈ Z by q + 1 coeﬃcients θk , k = 1, ..., q, p coeﬃcients φk , k = 1, 2, ..., p, mean b0 , n linear regression coeﬃcients bk , k = 1, 2, ..., n, endogenous
(k)
and exogenous variables Yt and Xt , k = 1, 2, ..., n respectively, conditional variance σt2 , whitenoise type time series {εt , t ∈ Z} (that is, i.i.d. random variables with mean zero and variance
one) and the sigma-algebra Φt−1 of information up to time t − 1. Let {σ̂t2 } be a stationary
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time-series and {σt2 } any other time series satisfying (1). Then a diﬀerence xt := σ̂t2 − σt2
satisﬁes the homogeneous equation with independent random coeﬃcients
p
q


φk xt−k +
θk xt−k ε2t−k .
(2)
xt =
k=1

k=1

To achieve a stabilization property with time increasing of the above regressive model (1), it
should be assumed that lim xt = 0. The above mentioned stability property is called Lyapunov
t→∞

asymptotic stability of stationary solution of (1) or trivial solution of (2). The problem arises: to
ﬁnd a set of parameters {φk , θk }, which guarantees the above asymptotic stability property (see,
for example, Hamilton (1994) and references there). This paper proposes very simple algorithm
for system (2)asymptotic stability analysis, which allows to write out the necessary and suﬃcient
asymptotic stability conditions for q = 1 in a form of inequality for specially constructed
function of parameters {φk , θ1 }. A mathematical background of the proposal algorithm is based
on devoted in (Carkova and Berdichevska (1994)) covariance method for stability analysis of
diﬀerence equations with Markov coeﬃcients.
2

Mean Square Stability of Linear Diﬀerence Equations with Markov Coeﬃcients

Let {yt , t ∈ N} be a homogeneous Feller Markov chain with transition probability p(y, dz)
on the metric space Y. The m-dimension linear Markov diﬀerence equation is an iterative
procedure in Rm deﬁned by equality
xt = A(yt )xt−1 , t ∈ N

(3)

where {A(y), y ∈ Y} is uniformly bounded continuous m × m matrix function. We will refer to
equation (3) as exponentially mean square stable if there exist such constants c > 0 and λ ∈ (0, 1)
(k)
that Ex,y |xt (k, x, y)|2 ≤ cλt−k |x|2 for any y ∈ Y, x ∈ Rn , k ∈ N and t ≥ k. Let V be the Banach
space of symmetric uniformly bounded continuous m × m matrix functions {v(y), y ∈ Y} with
norm ||v|| := sup |(v(y)x, x)|. Using transition probability p(y, dz) of Markov chain one
y∈Y,||x||=1

can deﬁne on V the linear continuous operator (A v)(y) := AT (z)v(z)A(z)p(y, dz), where top
Y

index T denotes a transposition. It is easy to see that the above deﬁned operator leaves as
invariant the cone of positive deﬁned m × m-matrix functions and for spectral analysis one can
use the methods and results of paper [3]. This property permits to derive mean square stability
conditions of (3) in following form.
Theorem[1] The equation (2) is exponentially mean square stable if and only if the real part
of the spectrum σ(A) of operator A is situated in the set {z ∈ R : −1 < z < 1}.
If the sequence {yt , t ∈ N} consists of independent random variables with the same distribution p(dy) one can consider a contraction Â of the above deﬁned operator A on the space of
symmetric m × m real matrices

T
(4)
Âv := E{A (yt )vA(yt )} = AT (y)vA(y)p(dy)
Y

with cone of the positive deﬁned matrices. In this case the equation (3) is exponentially mean
square stable if and only if the real part of the spectrum σ(Â) of operator Â is situated in the
inteval {z ∈ R : |z| < 1}.
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3

GARCH(p,1) Models

The late assertion of second section is very convenient for convergence analysis of GARCH(p,1)
model given by equation (1). As it has been mention in Introduction, for that one can analyze
convergence to zero of any solution of scalar diﬀerence equation(2) of order p. Introducing
normalized i.i.d. random variables yk := (ε2k − 1)/s2 , where s2 := E{ε4k } − 1, one can rewrite
this equation as a ﬁrst order diﬀerence equation in Rp with matrix A(yt ) := A + s2 yt−1 H, where
⎞
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ϕp ϕp−1 ... ϕ2 ϕ1 + θ1
The second moment of any solution of (2) exponentially decreases to zero if and only if there
are no positive deﬁned solutions of the matrix equation Âv = ρv for any real ρ ≥ 1. Therefore,
if the eigenvalues of matrix A are situated in the half-plane {|z| < 1}, then there exists such a
positive number r2 that for any s4 < r2 second moment of any solution (2) E|xn |2 := E|σ̂n − σn |2
tends to zero as n → ∞, but for s4 > r2 – exponential increases to inﬁnity. Analyzing equation
AT vA + r2 H T vH = v one can ﬁnd this positive number r2 and having used a special form of
above deﬁned matrices A, H write out the system of p linear homogeneous equations involving
variables {v1p , v2p , ..., vpp }:
vip −

i


al+1 v(p−i−1+l)p −

l=1

vpp 1 −

p


ak−i vkp = 0, i = 1, 2, ..., p − 1

(5)
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−r h
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ap−l+1 al−s+1 vlp = 0.

(6)

l=1 s=1

Because number r2 has been chosen in such a way that the system has nontrivial solution, a
determinant of linear system (5)–(6) has to be equal to zero. By construction this determinant
is linear function of parameter r2 and equating to zero the above determinant one can easy
ﬁnd the critical number r2 as a function of parameters aj , h, j = 1, 2, ..., p. The necessary
and suﬃcient condition for convergence of GARCH(p,1) (1) to stationary time series {σ̂t2 } with
second moment has a form of inequality s4 < r2 .
Example. Let we should deal with GARCH(2,1) regressive model and εk ∼ N (0, 1). Then
s4 = E{ε4t } − 1 = 2, p = 2 and system (5)-(6) has the following form
v12 (φ2 − 1) + (φ1 + θ1 )v22 = 0,
2(φ1 + θ1 )φ2 v12 − (1 − (φ1 + θ1 )2 − φ22 − r2 θ12 )v22 = 0.
Equating to zero determinant of this system one can ﬁnd a critical value r2 = (1 + φ2 )[(1 −
φ2 )2 −(φ1 +θ1 )2 ]/θ12 (1−φ2 ). Therefore, GARCH(2,1) regressive model of type (1) with Gaussian
noice {εk } convergence to stationary time series {σ̂t } with Eσt4 < ∞ if and only if 2θ12 (1 − φ2 ) <
(1 + φ2 )[(1 − φ2 )2 − (φ1 + θ1 )2 ].
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The University of Latvia, Zeļļu iela 8, LV-1050 Riga, Latvia, +371 67674363,
e-mail:tsarkova@latnet.lv
Normunds Gutmanis, asoc. professor
Riga International School of Economics and Business Administration, Meža iela 1/7, Riga,
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