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Abstract 
 

The promotion work “The Estimation of Transport Logistic Processes Models on the 

Base of Intensive Computer Methods of Statistics” has been worked out by Helen 

Afanasyeva to obtain the scientific degree of “Doctor of Science in Engineering in 

Telematics and Logistics”. Scientific supervisor of the work is Dr.habil.sc.ing., professor 

Alexander Andronov. 

The work is devoted to the implementation of the modern statistical methods for the 

transport and logistics models analysis. The intensive computer method resampling is 

especially attended. This method is non-parametrical and gives the most efficient 

estimators of the systems’ characteristics in the case of small initial sample sizes. The 

investigation was held in three main directions: the forecasting and estimation of logistics 

models, the estimation of the reliability and efficiency of carries, and the analysis of 

inventory control problems in logistics systems. 

Resampling method usage algorithms and inferences for formulas of the efficiency 

comparison of traditional and resampling approaches were suggested for each task 

implementing corresponding mathematical model. The efficiency criteria were: bias, 

variance or mean squared error of the estimator. The numerical results proving the 

efficiency of the suggested approach were obtained. The conclusions and 

recommendations, concerning the conditions in which the suggested approach is the most 

effective were made. The obtained results are general, because can be used in other subject 

areas.  
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Introduction 
 

Transport of Latvia is a quickly developing branch recognized as one of the most prior. 

The given branch demands extensive and expensive scientific researches, with attraction of 

information technologies, the mathematical apparatus, methods of economics and logistics.  

In the given promotion work the greatest attention is paid to the application of modern 

statistical methods in planning and the organization of logistical processes of transport. 

The research goes in three basic directions: forecasting and estimation of transport flows; 

estimation of reliability and efficiency of caries; inventory control of logistics systems. 

Solving practical problems with application of stochastic models, we often face such 

problem, as shortage of statistical data on the basis of which it is necessary to estimate 

unknown parameters of stochastic models. In such situation the use of traditional 

parametrical methods of estimation is rather complicated. However, intensive computer 

methods allow to solve this problem. These methods of computing statistics have appeared 

rather recently. They assume repeated use of the same data in various combinations that 

provides fuller use of the statistical information. An important point and the integral 

advantage of this approach is that it is nonparametric. The nonparametric feature of 

resampling is illustrated here, showing that it is possible to avoid the mistakes peculiar to 

the traditional methods of hypotheses testing about a kind of distribution of random 

variables (r.v.). The basic attention in work is paid to the intensive computer method 

resampling. The comparative scheme of traditional and resampling approaches, with 

reference to imitating modeling is presented on fig. 1. Here it is illustrated the 

nonparametric feature of resampling, it is shown, that r.v. are not generated by special 

generators, but are undertaken directly from initial sources. Resampling allows to estimate 

stochastic characteristics of complex systems, being based on rather small volumes of 

statistical data. 

As the resampling method is rather new there is an actual problem of research of 

efficiency of the given approach to various mathematical models and practical problems. 

The main purpose of the research is the development of resampling method usage 

algorithms for different mathematical models analysis, the estimation of the efficiency of 

this approach, and also the implementation of it for various practical tasks solving, 

concerning the estimation of models of logistics processes of transport.  
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Fig. 0.1 The comparison scheme of the plug-in and resampling approaches 
Intensive computer methods (ICM) of statistics or computation statistics methods 

began extremely develop with the appearance of the powerful computers. ICM include the 

following methods: cross-validation, jackknife method, bootstrap, resampling, which can 

help in solving wide set of tasks. Jackknife method was suggested by M. Quenouille in 

1949. It was the estimator, which was the combination of the estimator’s obtained using all 

data and the estimators, obtained using only part of the same data. B. Efron suggested 

bootstrap method in 1979, which was the generalization of the jackknife method. In 1976 

V. Ivnitsky [41] suggested to use resampling for the estimation of the systems’ reliability 

by simulation. In 1979 C. Wu [65] considered the implementation of the resampling-

approach to the estimation of regression model. Resampling and bootstrap began to 

develop extremely from 1995 under prof. A. Andronov supervision. During this 

investigation, simple and hierarchical resampling [16], and their implementations in 

reliability theory, queuing theory [9] and optimization tasks [13] were considered. After that 

with Yu. Merkuryev and M. Fioshin assistance there were considered the resampling for the 

sums for partially known distributions, resampling-approach to confidence intervals 

construction. There were made research works with H. Afanasyeva participation in the 

branches of resampling approach implementation for the estimation of: order statistics [6], 

of regression models’ parameters [1], [2], renewal theory models, queuing theory models 

[4], [8]. Some of them were described in the current promotion work. Then H. Afanasyeva 

considered the resampling-approach implementation for the task of the comparison of 
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renewal processes [2] and its using for the tasks of the inventory control theory [6], which 

was included as a chapter in the promotion work. The researches in this area are 

continuing. 

It is possible to speak about two aspects of scientific novelty of work. Firstly, from the 

mathematical aspect. This is the application of resampling-method in various statistical 

tasks and the analysis of efficiency of their application. Secondly, from the applied aspect. 

Till now the application of the resampling-method to transport systems in the given 

statement was not analyzed. 

A practical result is applications of the suggested approaches to the decision of 

practical problems of transport logistics. The first considered problem is the forecasting 

and estimation of logistical processes as models of some macro-economic activities. 

Within the limits of this chapter by way of illustration the following problems were solved: 

 Forecasting of a passenger stream for air transportation in the countries of the 

European Union for the certain year, depending on various factors: territory of the 

country, the population, average wages, and an internal total product per capita. 

 Forecasting of demand for transport service in various regions, depending on an 

urbanization, an educational level, and a salary level.  

The second considered class of problems is connected with estimation of reliability and 

efficiency of carries. Within the limits of the given chapter the example of the decision of 

such practical problem is given: 

 There is a flow of damages on an aviation design. There is a statistics of occurrence 

of damages before the development of a dangerous situation. It is necessary to 

estimate probability that in a considered interval of time there will be no refusal.  

The third sphere of application of the given technique is an inventory control theory. 

The approach is illustrated on an example of a following problem: 

 The process of exploitation of some inventory units (fleet of vehicles) is 

considered. The initial inventory level of these units, and also statistics about 

intervals between their deliveries and failure of each commodity unit is known. It is 

necessary to estimate the probability that in the moment of demand for the given 

product unit, the shortage will not occur, and also to find an optimal inventory level 

at the set parameters of profit on use, costs on storage and losses from shortage. 

The results of the work were considered in 9 publications in scientific journals, the 

proceedings of international conferences. The described publications were presented at 

scientific international conferences in Latvia, Poland, Israel and France.  
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In the first chapter application of statistical methods in planning and the organizations 

of logistical processes of transport is considered. In the second chapter modern intensive 

computer methods (ICM) of statistics are considered. In the second chapter resampling-

method applications overview for different mathematical models is made. Each of the 

subsequent chapters considers application of the resampling-approach to the decision of a 

specific target. These are the problems of forecasting on the basis of regression models of 

logistical processes, estimation of reliability and efficiency of carries, inventory control. 

Each chapter has problem’s description, mathematical model, the analysis of traditional 

approaches to the decision of the given problem and motivation of the suggested approach. 

Further the maintenance of the suggested approach with algorithms and expressions for 

analysis of efficiency is stated. Each chapter comes to an end with the numerical analysis 

of efficiency of the approach, on the basis of hypothetical data which to the full reflect 

specificity and features of a considered problem. The example of application from area of 

the transport, containing statement of a problem, algorithm of application of the suggested 

approach and numerical results further follows. In the end of each chapter conclusions are 

drawn concerning expediency of application of the suggested approach in the considered 

situation. Comparison with results of application of traditional methods is made; 

recommendations are given, under what conditions application of the suggested approach 

yields the best results. The work is completed with the conclusion containing the general 

conclusions of work and the bibliography. 
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1. Statistical methods in planning and organization of 
logistic processes of transport 

1.1. Actuality of research in transportation systems  

Transportation system – it is one of the most important, complicated and dynamic 

spheres of the social production of any country. Transportation is one of the most 

important and one of the most rapidly developing industries of Latvian economics. The 

advantageous geographical location of Latvia at the Baltic Sea explains the fact why one of 

the main transportation highways between the East and the West goes trough its territory, 

and one of the most significant economic activity is the development of transportation. 

Already now the main highways, railways, seaports, and airports of Latvia are involved in 

the Transeuropean Transportation Network. There are two European transportation 

corridors going through the territory of Latvia (Via Baltic and Via Hanseatic). During the 

last years a tendency to stabilize and to increase the amount of passenger traffic and cargo 

transport is of great importance. Concerning the transportation sector, Latvia considers the 

necessity of playing a definite role in the development of the complex Transeuropean 

network of EU. Lately, the mobility of inhabitants is increasing considerably, what 

influences the intensity of using different kinds of transport. 

Logistics is one of the main fields of scientific and technological development of the 

transportation sector of European Union. 

In relation to the transportation, especially the delivery of goods, many people still 

think that it is a very simple task, which may be done by people without any specific 

education and involvement of modern technologies [40]. It is far from the truth. 

Transportation – it is a rapidly developing area, which is adjudged to be the most 

significant one, and which requires wide and expensive scientific researches, concerning 

the involvement of information technologies, mathematical apparatus, methods of 

economics and logistics [42]. It is necessary to create such mathematical apparatus, which 

will allow to analyze the effectiveness of the work of transportation systems, to organize 

the process of transport, to forecast the demand of transport, and to work out the optimal 

variants of the development of the transportation system. 

Now due to the growing demand for the transport services other serious problems arise 

mentioned in the “White Book of the Transport” [64], claiming a prompt solution: 

formation of traffic jams; low level of service; breakdown; growing demand for security; 

isolation of particular regions; disbalance of development of particular modes of transport; 

environment pollution. 



 12

It is planned that in the near future there will be a considerable increase of demand for 

passengers and freight transport.  

The problems are faced by different modes of transport. On highways the following 

ones are pointed out: continuous traffic jams, gas over polluted roads, large amount of 

emergency situations. Railway claims for reorganization, development of infrastructure, 

modernization of services for greater punctuality, and security of speed to become 

competitive again. Air transport faces the problem of overload of the main airway routes, 

airports, delays of the flights, and environment pollution. 

The main preliminary condition of a stable economical growth of any country is a 

realization of interests of transport policy, including improvement of operating potential of 

transport system and its integration within more extensive international framework. One of 

the main tasks now is the globalization of transport [32]. To deal with all these problems, it 

is planned to develop specific strategic policies of economics, urban transport, competition, 

and researches of involvement of new technologies as well. 

The development of transport infrastructure has the most significant importance of 

implementation of manufactured goods being put into their markets [55], [64].  

Both the joining of Latvia the European Union in 2004 and the tendency of increase of 

number of tourists has the most significant interrelation of traffic requirements and 

economics of Latvia. 

Any changes in economical environment will have their effect on transport. On the 

basis of economic forecasting and in view of changes expected in the society it is possible 

to foreseen the required actions and any organizational or other measures of rearrangement 

of structure necessary in the area of transport.  

The transport system is part and parcel of the process of production and distribution. 

Both a high production and distribution of goods are necessary for economical 

development. None of these aspects can be managed without effective and relatively cheap 

transport. Transport represents the basis of economical development [51]. 

The transport is also a great appropriation title of some countries. For the last years, the 

transport and communication sector accounts for about 15% of GDP of Latvia. In 2002, 

8.7% (86 000 people) of total number of people, working in national economy, were 

occupied in the area of transport and communication. In 2002, percentage of enterprises, 

acting in this area, showed 6.5% (2769 enterprises). Transport costs remaining fixed for the 

last time accounts for about 9.5% of the total expenses of inhabitants. 17.5% of the total 

volume of foreign investment goes to the area of transport, warehousing, and 

communication. 
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Concerning the communication between the transport and economical growth, Latvia 

tends to concentrate on non-investment measures, which could improve transport influence 

on economical growth without any disamenity. In this context, the following review and 

researches were prepared: 

 Development plan of urban transport aimed at the improvement of the transport 

situation and mitigation of traffic jams. 

 Logistics and multimodal traffic: expedient transport systems and development 

concept of functional compatibility aimed at consolidation of a position of Latvia 

as the main member of cargo carrying between the East and the West [55]. 

 Technology and economics justification for a new railway line with a European 

standard gauge. 

Along with that, it is important to note, that increase of carload traffic flow will 

guarantee economical growth without any disamenity. 

The transport development will also allow providing advantages for the other branches 

of economy and will influence the creation of new jobs and increase of mobility of man 

power.  

Taking into account all the above mentioned factors, it can be said with certainty that 

currently the researches in the area of transport are extremely actual and necessary. 

1.2. Problems of transport logistics development 

The logistics for scientists and specialists is as a developing branch of economics and a 

new scientific direction. Developing the logistics, system approach finds its expression in 

combining processes of supplies, production, transport, distribution, and consumption. The 

logistics proclaims the priorities of consumer compared to all the entire subjects of logistic 

system. Logistics – the science about planning, management, and control of flow of 

material, informative, and financial resources in different systems. Technical basis of 

logistics – it is modern information and computing technologies. In implementation of 

logistic policies great potential to increase efficiency of economy and transport is hidden. 

The essential element of logistics on which secure functioning of all logistic system 

depends is transportation logistics. The movement of the material flow provides the 

combining of processes of supply, production, and consumption in uniform system. 

Logistics allows minimizing commodity stocks, but in some instances may refuse their 

utilization at all, allows appreciably cut down the term of delivery, to hasten the process of 

obtaining the information, and to improve the service level. The activity in the logistic field 
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is different. It includes transport management, warehousing, reserves, personnel, 

organization of information systems, business, etc.  

Within the framework of logistics, the following problems of management of logistic 

services of consumers are researched: supply management, logistic production, logistic 

warehousing, logistic distribution, transport support of logistics, peculiarities of different 

modes of transport, the choice of ways of transport support, wagons of vehicular 

transportation, efficiency of transport support, organization of cargo carrying, interacting 

links in the logistic chain in the delivery process, informative support of transportation 

logistics, information technologies in the work of transport management, management of 

risks while organizing cargo transportation, insurance during the international 

transportation, organization of customs clearance, the principles of depot stock 

management (warehousing logistics). 

One of the main conceptions of transport logistics is the conception of transportation. 

The key role of transportation in logistics is explained by percentage of expenses of 

transportation in logistic costs, which amounts up to 50% of the total sum of logistic costs.  

The task of transport logistics is a management of material flow during the 

transportation process and the organization of cargo carrying is the field of transport 

logistics. 

The task of the choice of mode of transport is settled in a close contact with other tasks 

of logistics, such as build-up and maintenance of optimum level of reserving supplies, the 

choice of the type of pack, and others. As the basis of the choice of mode of transport 

optimum for the particular transportation is information about characteristic features of 

different modes of transport: railway transport, sea transport, river transport, road 

transport, air transport, and pipe-line transport. 

There are six factors influencing the choice of mode of transport: delivery time, 

frequency of dispatching cargo, security of enforcement of schedule of availability, facility 

to transport different cargos, facility to deliver the cargo to any place of a territory, the 

haulage. The correctness of the made choice has to be confirmed by technological and 

economic calculation.  

In the present chapter, different aspects of transport logistics were considered, 

including problems of its development on conditions of contemporary vigorous growth of 

transportation flow. 



 15

1.3. The role of statistics and statistical approach in transport 

The most significant problems of transport are connected with a qualitative statistical 

data processing, which allows properly organize, optimize, analyze and forecast different 

indices of efficiency of these systems.  

Transport statistics – one of the branches of economical statistics. The object of its 

study is transport, e.g. totality of enterprises production process of which consists in 

transfer of cargo and passengers. The subject of study of transport statistics is mass 

economic phenomenon and processes, running in transportation enterprises and 

constituting the result of transport process and terms and conditions (factors) of its 

realization in particular terms and conditions of time and place. By means of the system of 

statistical indices, volume (levels), structure, and correlation of the results and factors of 

production process are estimated. In such a way, the statistics adds to the regularities and 

correlations in the transport development quantification expression [82], [83].  

Transport statistics approach is closely connected with mathematics. This connection 

is explained with a fact that for the measurement and analyses of quantitative 

characteristics the application of mathematical methods is necessary. In practice, the 

apparatus of mathematical statistics is widely used. These are regression and correlation 

analyses, methods of hypothesis testing and parameters estimation, theory of random 

sample, time series analyses, etc. A great importance is added to the statistical modeling – 

one of the most perspective tendencies of creation machine simulation systems and models 

[84].  

Currently, the meaning of mathematics in the development of transport statistics is 

rising sharply in view of wide utilization of calculation technologies. The application of 

mathematics in the statistics enables the arrangement of the system of statistical 

information, provides the creation of standard programs for transfer of facts into a formal 

language for mass calculations implemented by means of calculation technologies. It leads 

to a considerable acceleration of data processing and transmitting, regulation of storage, 

facilitation and acceleration of the searching procedure in a large size array.  

Perfection of the economical management is indissolubly connected with the increase 

of the role of statistics and rise of scientific level of statistical researches. The statistics 

characterizes the results of production of enterprises, the presence of material and labour 

resources and efficiency of their utilization, reveals not used reserves, financial situation of 

enterprise, and provides information for the drawing up current and perspective projects. 

For the characterization of the results and factors, and their conditions, the transport 

statistics develops a system of indices and method of their analyses, and owing to that the 
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leading bodies of enterprises gain detailed characterization of the managed objects and 

develop organizational – technological measures for the increase of production efficiency, 

the quality of the suggested services and improvement of its financial situation. 

Transport statistics is mainly divided into the branch and subject. According to the 

branch, statistics of different modes of transport are divided as follows: road transport, air 

transport, railway transport, sea transport, river transport, urban electric transport, and 

pipe-line transport. 

The increase of the number of transportations, security of smooth cooperation with all 

the branches of economics of the country, the increase of the quality of service of 

passengers, the decrease of transport fare may be attained by means of perfection of 

planning and organization of transportation process. In the realization of these tasks 

operative, trustworthy statistical information has the decisive meaning, reflecting all the 

aspects of operating – financial activities of transport enterprises. 

A particular place in the transport statistics the statistics of commercial transport takes 

place, e.g. statistics of the result of operation of a business [32]. 

The main tasks of the transport statistics are: 

 to define volume and qualitative indices of commercial transport; to classify the 

indices of transportation into different groups: categories of transportation, 

transportation mode, kind of cargo, territory; consignor of goods, etc. 

 to estimate implementation of a plan of the transportation and incomes of 

transportation, including general estimation of the implementation of the plan of 

enterprise and its subdivisions, clientele and agreed obligations, merged with direct 

transportation and schedule of transportation; 

 to reveal the terms and rhythm of the implementation of the plan; to define the 

amount of existing reserves; 

 to study the directions of the flows of passengers and freight transport, interregional 

correlation; to prepare information for drawing up a balance of transport; 

 to estimate the quality of transportations; 

 to study the dynamics of transportation, general regularities  of their development 

with influence of different factors and succession of seasons; 

 to characterize the market of transportation services – revelation of outer and inner 

factors, defining the situation of enterprises in the regional market of transportation 

services. 

The modes of transport – the part of the main modes, meant for immediate perfection 

of transportation process. The amount of performed work of transport, terms of transfer of 
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cargo and passengers are dependent on number of modes of transport, their technical 

situation, and the level of utilization. 

The amount of reserves of raw materials,  producers'  and consumers' fuel, amount of 

goods are dependent on successful activity of transport, being in the process of transfer, the 

number and capacity of depot, warehouses, terminals.  

The reduction of cost price of cargo carrying results in the reduction of transport fares. 

Consequently the cost price of goods of consumers of transport services decrease. Cargo 

carrying plays the leading role among all the modes of transport, except the air and road 

transport. 

Not less important role in social and economical life of the country is played by 

passenger transportation, connected with individual necessities of inhabitants, and 

production and social needs. Passenger transport influences the development of production 

and its efficiency, the rise of the material and cultural level of living of inhabitants, 

smoothing of cultural – social differences between the urban and rural area. 

It is not possible to manage complex economic systems without arrangement of 

operative, trustworthy, and full statistical information. 

Now, as never else before, we face a constantly growing amount of data [39], [51]. The 

data analysis plays the decisive role in their capitalization, allowing the workers of the 

leading bodies of enterprise to understand transport systems, if the developed programs 

correspond with the needs of society and solve the arisen problems [33]. The leading 

bodies of enterprise, which analyze the data, can:  

 study the public opinion and have an effect on its change;  

 forecast the results of the choice of the mode of transport; 

 perform researches before introduction of alterations into transport organization 

and on the basis of their results have an effect on correlation of forces in favour of 

one or the other mode of transport; 

 more effectively plan their programs and job with inhabitants; 

 estimate the influence of the program on target segment; 

 estimate expenses on development of the program and their efficiency;  

 find out the ways to increase satisfaction of inhabitants. 

Unfortunately, the leading bodies of transport systems do not use completely the large 

amount of the existing data. Data analysis enables to obtain useful information from data, 

which were collected for many years. Unfortunately, the existing data usually are not used 

at full capacity. There are such special programs as SPSS, Statistica and others – which are 

powerful analytical programming support, effective tool, which enables to extract all the 
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good out of the information, which is stored in the form of raw data. Analyzing the data, it 

is possible to study the problems and obtain information, which may help more effectively 

put into practice the developed programs.  

Understanding of the problem and all its aspects in conjunction with data and 

utilization of statistical approaches of analysis enables to find more simple and economic 

decision of any problem of management.  

There are many successful examples of different problems solved by means of 

statistical approaches in different fields. For the present work, a particular interest is paid 

to the utilization of statistical approaches to analyze the problems in the area of transport 

[40]. Here the following problems can be analyzed: 

 to plan more effective routes for a better organization of transport and passenger 

flows; 

 to analyze statistics about road accidents to the find out factors causing the 

accidents; 

 to simulate plans of maintenance the proper condition of the road surface, to 

forecast the possible road repair. 

It is possible to research, enrich, and to understand data, and to draw conclusions by 

means of data analysis. A gateway to success of any program put in practice is preliminary 

data analysis. 

Data analysis helps the user to understand the power of the interrelation between the 

characterization and factors, which influence them. By means of statistical data analysis it 

is also possible to get full profile of society and to find groups or segments for which the 

present program suits more.   

Success achieved up to the present time in the branch of utilization of mathematical 

methods in the planning of air transportation generally can be ascribed to the development 

and performance of branch automated systems of civil aviation department [67]. The 

experience of performance conclusively proved that skilful utilization of mathematical 

methods enables to solve difficult practical problems qualitative resolving of which in 

other ways is not possible (For example, forecasting the influence of  fare changes on the 

number of passengers). 

Necessity to use mathematical methods and computer systems is caused by a great 

increase of the number of social production, all-growing complexity of technological 

processes, and continuous communications between different links of national economy of 

the country [67]. 
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The following problems are being solved: forecasting of the demand for civil aviation 

services, routing of the passengers’ flows, organization of the air route network, orders and 

arrangement of aircraft park, construction and reconstruction of the airport networks. The 

mistakes here result in insufficiently efficient utilization of production facilities and 

incomplete satisfaction of demand. 

Some individual compares air and railway modes of transport with an aim to choose 

one of them for his trip. The comparison is made in view of line of factors. The factors can 

be: the fare of the trip with one or another mode of transport, the time spent in the way and 

others.  

The researches can be also conducted in following directions: operative organization of 

transport flows (work of traffic lights on the crossroad, organization of air traffic in the 

airport zone); long-term planning and forecasting of transport flows (commercial transport 

between cities, according to the directions, according to the mode of transport). 

The complexity of transport organization is explained by great number of consumers 

and influence of accidental processes on transport systems [40].  

From the systemic point of view, transport system is a complex, dynamic, person-

technology system with a multistage structure, with pronounced adaptation for changes of 

external conditions. Radio and electro-computing systems, modes of transport operating 

services are purposefully connected in it. In this union any separate problem of the 

research is closely connected with peculiarities of functioning of all mechanism. One of the 

ways of researches of transport systems – is construction of appropriate model [25]. As 

mathematical apparatus for the development of model of transport systems it is easy to use 

mathematical model approach. 

In the present chapter the role of statistics and statistical approaches in the transport 

logistics were analyzed. Different problems were laid out which can be solved by means of 

utilization of statistical tools.  

1.4. Modern statistical methods overview 

One of the basic aims that make the researcher, beginning to process initial data is to 

present the properties of observed data set in well-behaved concise way. It means to 

describe the processed data with a little number of free performances, that were build on 

the base of initial data [66]. By this it is desirable, that the loss of information essential for 

decision making would be minimal. Mentioned performances are the functions of initial 

observations results x1, x2, ..., xn and called statistics. As examples of such free 

performances (statistics) we can consider all samples (empirical) performances of the 
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population: mean values, variance, coefficients of skewness and kurtosis, empirical 

distribution functions, empirical density functions.  

To achieve the conciseness of the information description, helps a big variety of 

applied methods of mathematical statistics: choosing and validation of the mathematical 

model of studied event, to study the properties of analyzable system or functioning-gear by 

use of a little number of summary free performances (mean, variance and etc.); the 

visualization of initial data performance to form the working hypothesis and the 

mechanism of studied event; the analysis of relative frequencies of the samples distribution 

and density functions and other methods of descriptive statistics; the description of 

statistical relationships between the analyzed features and etc. al  those methods describe 

two main parts of statistics mathematical tool: 1) the theory of statistical estimation of 

parameters unknown values of the model; 2) the theory of the hypothesis testing about the 

parameters and the nature of the considered model [66]. 

1.4.1. Statistical estimation of the parameters 

Let we have the initial sample: x1, x2, ..., xn from the given population [66]. Let the 

properties of interest are put down with the help of the following equation (mathematical 

model): 

M(x,Θ)=0, (1.1)

where xi is the i-th observation in the sample, x is the current value of the observable 

random feature, Θ=(Θ(1), Θ(2), ... , Θ(k)) is k dimensional vector of parameters with 

unknown values before obtaining the sample.  

 The task of statistical estimation of unknown parameters Θ by the sample is solved by 

building the k dimensions function T
n

k
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the observations, which gives the more precise approximate values for real (unknown) 

parameters values Θ=(Θ(1), Θ(2), ... , Θ(k))T. 

The models of distribution laws can be considered as the example of model (1.1)[66]. 

The statistic Θ̂ , that is used as a approximate value of the unknown parameter Θ, is 

called the statistical estimator.  

Here arises a question about the requirements to such statistical estimators, to make the 

estimators in some sense reliable. These requirements are formulated with the help of tree 

properties. According to them the estimator should be consistent, unbiased and effective. 

The estimator ),,(ˆˆ
21 xx KΘ=Θ  of unknown parameter Θ is called consistent, if with the 

increasing number of observations n (n→∞) it tends by probability to real parameter value 
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Θ, which is for a little ε>0 0}|ˆ{| →>Θ−Θ εP  for n→∞ (if the parameter Θ is a vector then 

for the corresponding vector estimator Θ̂  it is required the consistency of all its 

components) . 

The estimator ),,(ˆˆ
21 xx KΘ=Θ  of unknown parameter Θ is called unbiased, if for any 

sample size n the average result for all same size samples gives the real parameter value: 

Θ=Θ̂E . 

The estimator ),,(ˆˆ
21 xx KΘ=Θ  of unknown parameter Θ is called effective, if among 

the other estimators of the same parameter it has the smallest value of the variance from 

the real parameter value. 

There are different methods of the estimation of unknown parameters, that allow to 

obtain the estimators with the mentioned properties. The most famous are the method of 

maximum likelihood, the methods of moments and the method of the least squares [66], 

[34]. 

1.4.2. Traditional methods of the statistical estimation of unknown parameters 

Processing and analyzing the initial data the researcher often has a goal to find the data 

compatibility with definite theoretical probability law. It is necessary to test the 

compatibility of the frequency of the observed sample values with the probability of their 

appearance according to the proposed probability low [79]. If the frequency of observed 

events is near the theoretical probability, then it is possible in future to build the model on 

the base of theoretical distribution. To make the reasonable hypothesis about the 

distribution of r.v. is impossible, if the sufficient number of statistical data is not gathered 

and not analyzed [34], [68]. If the sample is too small, then making of mentioned 

hypothesis is very difficult thing. If we propose that the type of the distribution is selected, 

then arises the question about the estimation of the parameters of corresponding 

distribution and testing of the corresponding hypothesis [79]. 

The estimation of the parameters is carried out implementing the well known methods 

of mathematical statistics: maximal likelihood method, method of moments, least square 

method and etc. They are very well described in the literature. [68]. 

The test of statistical hypothesis is fulfilled using criteria of Kolmogorov-Smirnov, 

Pirson, etc. The hypothesis and the corresponding distribution law are selected, if it could 

not be rejected with those criteria and definite significance level (ordinary 1 or 5%). 

Further during the simulation process the r.v. are generated with the random number 
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generators according to the selected distribution law. They are implemented as the random 

factors influenced the simulation process [79]. 

The described traditional approach to the estimation of unknown parameters of 

simulation model has two essential disadvantages. 1) It is possible to make the mistake 

selecting the distribution law. 2) If even the type of the distribution is chosen correctly, the 

estimators of the unknown distribution parameters are often biased and not effective 

enough. 

If the samples are small, the possibility of such mistakes is very probable. And the 

corresponding mistakes in their turn result incorrect outputs of simulation model, and it is 

independent on how long the process has been simulated. The described situation is typical 

for the tasks of reliability of transport technical equipment. Because of high reliability, for 

example in aviation technique, the number of faults is very small, so the corresponding 

sample size insufficient to use traditional methods.  

The methods of computational statistics: resampling or bootstrap methods could be 

used in the described situation very effectively. It is nonparametrical approach, which does 

not suppose the estimation of distribution laws. The fact of the method is in using directly 

available statistical data during the simulation process. The next part of this promotion 

work is devoted to the description of the computational statistics methods or intensive 

computers methods.  

1.4.3. Statistical hypothesis testing 

In different stages of statistical research and modeling appears the necessity of 

formulation and experimental testing of hypothesis about the distributions of unknown 

parameters of stochastic systems. For example, the hypothesis that “the observed data are 

from normal distribution or the mean of analyzed population is equal to 0”. 

According to the application field statistical hypothesis can be divided into some basic 

types: 

 about the distribution law type of the r.v.; 

 about two or more samples homogeneity; 

 about the numerical parameter’s values of the analyzed population; 

 about the common model type, which describes the statistical dependency of 

some characteristics.. 

1.4.4. Three main problems of contemporary statistics 

There are three basic problems of nowadays statistics. The first one is the statistical 

investigation of the structure and nature of interdependence between the observed 



 23

quantitative variables. With this end the following methods and models cal be considered: 

regression analysis, time-series analysis, the systems of simultaneous equations. The 

problem of the investigation of the interdependence notably exceeds others by its value 

[66]. This problem is discussed in the fourth chapter, where the estimation of regression 

model parameters is described.  

The second problem is the development of the statistical methods of the objects and 

their feature classification. By its common formulation the classification problem 

implicates the division of the analyzed population into small number of classes (which 

number  may be known or not) of homogeneous in definite sense groups. It is convenient 

to use for this problem to distinguish the objects as the points in corresponding space of 

features.  

Objects’ grouping according to common features (often are used the terms “automatic 

classification”, “self-education”, “clustering”, etc.) simplifies a big number of practical 

tasks solutions connected with data analysis. 

Depending on the existence and the character of the prior knowledge of the nature of 

the classes of interest and according the final application purposes it uses the methods of 

discriminate analysis, splitting of the mixtures of probability distributions, cluster analysis.  

In the paper of E. Kopitov and N. Kabelev [45] the following problem of the 

classification concerning the transport systems was discussed. The task of professional 

selection and the education of air traffic controllers (ATC), which are extremely crucial in 

aviation are considered. The problem of ATC recruits classification is solved. 

Another example of clustering and classification with application to transport was 

discussed in the work of I. Yatskiv [62]. There the task of different approaches 

implementation to validation of cluster analysis results was considered. The European 

Union countries were classified after 13 features: Length of Motorway, State Roads, 

Province Roads, Local Roads, Energy Consumption of the Transport Sector and etc. 

The third problem is the problem of the reduction of the dimension of the analyzed 

features space with the aim of laconic description of the nature of multidimensional data. 

The possibility of the laconic description of the analyzed multidimensional data is based on 

the prior assumption, that there exist small (comparing with initial number of features) 

number of features (determinants, main components, common factors) which can precisely 

describe the observed variables of analyzed objects and the properties, that define those 

variables. In this connection the common factors may be some factors among the initial 

features, but can be latent ones, that are not directly observable and obtained from initial 

data.  
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The necessity of the dimension reduction of the investigated features space with the 

aim to perform laconically the nature description of the analyzed multidimensional data 

may be is required in various implicational tasks of statistical analysis and simulation. 

There is some such problems: 

 The selection of more informative factors (including found latent factors). It may 

be the problem of choosing most essential predictors in regression model. Another 

example may be the system building of type generating features in the tasks of 

classification or exposure or interpretation of some summary (latent) characteristic 

of the studied property. 

 The reduction of the arrays of the processing and storing information. Methods of 

classification and dimension reduction have there the basic significance.  

 Data visualization. Some methods: the method of the main components and the 

factor analysis can be considered thereupon.  

 The building of the conditional coordinate axes (multidimensional scaling, latent-

structure analysis). 

In the work [61] of I. Yatskiv the example of factor analysis for dimension of features 

space is considered. It is applied to the freight transportation in European Union. There is 

also noted that it is inexpediently to implement the regression analysis, before the 

dimension reduction, if the features space is too big.  

1.4.5. The basic stages of applied statistical analysis 

For the explanation of the role and place of the basic approaches of statistical modeling 

and the method of primary data analysis it is convenient to divide the common logic 

schema of the statistical analysis into basic stages of the investigation [66]: 

1. initial analysis of the real system of interest; 

2. drawing the plan how to collect the initial statistical data; 

3. statistical data collection; 

4. statistical data primary processing; 

5. Drawing the pan of computational analysis of the available information; 

6. computational realization of the main part of the statistical data processing; 

7. sizing up the investigation. 

1.4.6. Simulation modeling 

Analytical solution has series of advantages: it is not depending on the numerical 

parameters’ values of stochastic system. It allows optimal solution searching and common 

conclusions making. However in various cases analytical solution searching is difficult 
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task because of the complexity of the system. The equations, that the analytical solutions is 

based on, are practically unsolvable. The Monte-Carlo method (the method of statistical 

experiments) can help in such situations [86]. 

Transport has all the features of complex (big) systems [85]. That’s why it is very 

difficult to built analytical model (1.1) for such systems. It such situations simulation 

modeling can be very useful.  

The instrument of the simulation modeling is acquiring the greater significance in the 

field of business reengineering in planning and production management. Transport 

modeling focuses its attention on the ways of simplifying and abstracting important 

relationships underlying the provision and use of transport. The methods used for studying 

the relationships and underlying the transportation decision making can be qualitative and 

quantitative. Simulation can be applied to design, analysis and management of logistics 

and transportation systems. [40]. The wide range of transport modeling application is 

concerned with the movement of passenger transports, urban traffic analyzing, strategic 

freight-network planning, etc. It is used for transport lines constructing and optimizing, 

financial planning, risk forecasting etc [63]. 

Due to the complexity of transport system’s processes and their stochastic nature, it is 

convenient to use for modeling appropriate simulation technique, where animation makes 

it more visualized. Simulation is the technique of constructing and running a model of real 

system.  

The appropriate transport problems for simulation studies are divided into three 

following areas: 

 New design. It may be terminal or rout planning, network design etc. 

 Evaluation of alternative design. It concerns the investigation of transportation 

modes and intermodal alternatives, service performance alternatives. 

 Redesign of existing operations. It involves the operational performance analysis. 

For instance, we can investigate the train timetables or loading strategies.  

The idea of using simulation for decision of transport problems isn’t new. But the 

amount of tasks that could be solved by using this tool increases every day. For example, 

next area in transport applications can be noted: analysis of intelligent vehicle highway 

systems; evaluation of traffic control procedures at highway work zones; evaluation of taxi 

management and rout control; port traffic model analysis; evaluation of rapid transit 

modeling with automatic and manual control. 

The following problems can be solved in transport logistics: transportation planning, 

optimal rout choice, freight transportation facilities and transport system put-though 
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capacity evaluation. For transport systems’ effective work the following things should be 

performed: its proper planning, calculating node parameters and their loads. The special 

attention should be paid to the external factors’ influence on the system parameters and 

whole system optimization.  

One of the fundamental stages of modeling is data collection and analysis. With this 

end solving practical tasks with stochastic models application appears the problem, 

connected with the lack of primary statistical data. It is the basic information to estimate 

the unknown stochastic models’ parameters. Contemporary statistics uses ICM of statistics 

in such situations. They suppose the usage of the same data in various combinations, which 

is conductive to more perfect utilization of the available information. The main advantage 

of those methods is that they are nonparametric [50], [54]. This property avoids the 

mistakes in the hypothesis testing concerning the distribution law of the corresponding r.v. 

The next important stage of the simulation is the model validation and results 

verification. ICM Resampling and Trace-Driven simulation can be also used there. 

Resampling allows estimating the unknown parameters of complex systems, on base of 

small sample sizes. Trace-Driven Simulation is uses for built model validation. Those 

methods are described in the 2 and 3 chapters of this promotion work. 

In this chapter’s section the different contemporary statistics methods and problems 

were described with the examples in transport systems. Some of those problems will be 

discussed in future parts of this work.  

The next subsection will be devoted to the traditional methods implementation to the 

estimation of unknown parameters, of the definite problem of transport logistics as the 

fundamental stage of simulation.  

 

1.5. Statistical analysis of air traffic in latvian region 

In this section of this part it is considered, how to implement different statistical 

methods for the analysis of the concrete task, connected with the planning of the network 

of airlines in airport “Riga” zone. The results used in this part were performed by request 

of corresponding organization “Latvijas gaisa satiksme” and published in the proceedings 

of scientific conference [3]. 

1.5.1. Introduction 
 

Airspace of Latvia on account of its geographical position takes on special significance 

for international aviation communication. It is most profitable for the Republic to use its 

airspace as intensively as possible, since it brings an evident income into the state budget. 
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That is why new researches in this field are of vital importance nowadays. Thereupon air 

traffic control of the airport ‘Riga’ carries on constant work aimed at the search of a more 

optimal structure and organization of using the airspace. On basis of researches of this sort 

air routes over the territory under control are introduced and undergo necessary 

corrections. 

One of the problems connected with air traffic control is that with the growing number 

of aircraft which are in the dispatcher’s zone at the same time the difficulty of air traffic 

control increases, and at times it becomes problematic for the flying control officer to 

make an efficient decision. The fulfillment of most of the operations is connected with the 

shortage of time as a result of which the flying control officer’s work requires considerable 

physical effort. To solve these and other problems it is necessary to investigate the streams 

of aircraft and build appropriate models for analysis and prognostication of different 

characteristics concerning the systems’ functioning. Models built on the results of the 

statistical analysis may be used for the solution of the following main problems: 

 the study of air traffic characteristics in concrete zones of control; 

 the research of the influence of different factors (a human element, external and 

internal ones) on the efficiency of the functioning of air traffic control system; 

 the determination of optional dimensions and structure of different districts and zones 

of air traffic control; 

 the examination of the existing methods of control and working out of new ones under 

the raising of functional tasks of the system; 

 the research of the loading and carrying (handling) capacity both of the system itself 

and its elements in particular; 

 the prognostication of the efficiency of the existing structure of the airspace under the 

increasing air traffic intensity. 

The study of these characteristics allows determining low points of the systems, gives 

information for the improvement of the systems and designing of flying control officers’ 

work. 

The characters of the present-day systems of air traffic control are a high dynamism of 

its processes, the complexity of the object of control and the system itself, the shortage of 

time necessary for making certain decisions concerning the control, the necessity to solve 

non-typical problems, the rise of peak load. The statistical uncertainty of flying control 

officers’ working process in air traffic control systems, a great number of various factors 

which influence its functioning, a great number of admission and outlet parameters require 

the accumulation of the material based on the experimental results, its thinking out, the 
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estimation of the influence of different factors on the efficiency of the system. Working 

load which falls on flying control officers ensuring the security of traffic and air situation 

control in a concrete zone is determined by the structure of airspace and the schemes of 

airways, hardware of navigation support of flights, communications facilities, control 

technology and organization of flights, the level of collection processes, identification and 

processing of data automation. 

Statistical analysis of air traffic parameters such as air traffic intensity, aircraft 

distribution in echelons and airways, the amount of aircraft that are under the control at the 

same time and so on, show that they are nonstationary in the course of time. 

Thus, owing to heterogeneity and nonstationarity of the process of entrance of airplanes 

on certain air routes, it is non-advisable to use the available data at once for the selection of 

the appropriate distribution laws. 

The information basis of the research is plan-reports of the flights, which were gained 

from the air-navigation system of collection and processing flight information database 

“SANS-2”. They contain the following information concerning every transiting aircraft: 

the date of the flight’s registration; the type of the aircraft; the identification code of the 

flight; the sending office; the point of destination; the point of entry into Riga FIR zone; 

the point of outlet from Riga FIR zone; the time of entry into Riga FIR zone 

 The following stages of preparation and analysis of the statistics may be singled out: 

 the preparation of the data (statistics): confirming in its independence, after having 

uncovered its stationary periods, checking up the homogeneity of the data in the course 

of the periods; 

 selecting the laws of distribution and its parameters. 

After having considered the nonstationarity it is necessary to determine the distribution 

of time intervals (intensity) between the aircraft entering each air route during the pointed 

out stationary periods. If it is impossible to select the laws between the known 

distributions, then it is advisable to work out models of the mixed distributions estimation. 

 The aim of the work is statistical analysis of air traffic in the airport “Riga” zone with 

the help of modern statistical software package (MS Excel 2000 and Statistica 5.0). 

As the result of it – stationary periods are revealed. After having considered non-

stationarity it is necessary to determine the distribution of time intervals between the 

aircraft entering each air route during the pointed out stationary periods. 



 29

 

1.5.2. Non-stationarity analysis 
 

Thus, the first task is the quest of stationary periods. Non-stationarity may be: 

according to seasons; according to days of the week; according to the time of the day. 

1.5.3. Season non-stationarity 

The first aim of the present work is to single out stationary periods according to months 

in the course of the year. According to the gathered statistics of different airlines, the 

following results which are represented in the form of a diagram in fig. 1.1 were gained. 

We can see that the most inert period is observed in winter, then there is also no 

particular air traffic intensity in spring, where the number of flights increases only in May. 

Then in summer the activity increases and continues till the middle of autumn. After that a 

slump is observed, thus November and December are considered to be the most inert 

months. 
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Fig. 1.1 The Year flight diagram 
In this diagram you can see that the situation is approximately the same in January and 

February, March and April, which means approximately the same number of flights, and so 

we can regard this period as a stationary one. There is little difference in the level of 

intensity if we look at the following 2 months – May and June, so we consider this period 

to be stationary as well. Data analysis of everyday flights during the whole year shows that 

very often we can’t find a stationary period longer than 2 months. 
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1.5.4. Nonstationarity within 24 hours 

The next task is to determine nonstationarity according to days of the week, but here 

the situation was very unclear, as no particular dependence between the flights on the same 

days of the week was revealed. 
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Fig. 1.2 Flight’s within 24 hours diagram (Ninta - Opoka) 
 

The most interesting situation was noted in the changes of air traffic intensity within 24 

hours. This can be seen in fig. 1.2. Here the data for one of the air routes are presented. For 

each particular air route its own peculiar figure with different from each other stationary 

periods is observed. 

It can be distinctly seen how non-stationary this process is within 24 hours. During the 

day, especially in peak-hours from 2 p.m. till 6 p.m. a sudden tendency towards the 

increase of the number of flights is observed, whereas at night from 1 a.m till 8 a.m. the 

flight intensity is nearly zero. 

As a result, stationary periods, different for each air route in particular within 24 hours, 

were revealed. 

1.5.5. The distribution of intervals between the arrivals of aircraft analysis 

Now it is possible to determine the laws of interval distribution between the arrivals of 

aircraft for different air routes for each stationary period. An example of such a stationary 

analysis for one of the air routes is represented in fig. 1.3. Here a pronounced form of 

exponential distribution is seen. The hypothesis concerning this distribution was checked 

by means of the software package Statistica 5.0. The results of the check-up of the 
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hypothesis for one of the cases were as follow: as Chi Square Test shows we can accept the 

hypothesis concerning the exponential distribution with the probability of 0.63. The check-

up of hypothesis concerning other distributions is out of place here. 
 

Expected

Intervals among the arrivals of aircraft distribution analysis: Exponential
Kolmogorov-Smirnov d = .0269113, p = n.s.

Chi-Square: 6.983248, df = 9, p = .6388634 (df adjusted)
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Fig. 1.3 The distribution of intervals between the arrivals of aircraft analysis (Ninta – 
Opoka, stationary period  1 p. m. – 6 p. m.) 

The data analysis concerning other air routes was not so successful, though the 

exponential form still invariably existed to a certain extent. In theory this conclusion can 

be made on the assumption of the fact that at the entrance to a new air traffic control zone 

at one point of the entrance the streams from various directions join, and as is well known 

such a general flow is considered to be a Puasson one. In its turn it is well known that 

intervals between the occurrences in a Puasson flow are distributed according to the 

exponential law. 

A situation when there is lack of data can arise. In this case we cannot cast aside 

(avoid) the consideration of the first and the last members of the period, as we did so far. It 

is necessary to use the technique of working with censored data. 

Another similar problem arises in the presence of the mix of certain distributions (Fig. 

1.4). As a rule one of distributions in the mix is exponential. 

The research of such laws of distribution is not an easy statistical problem. In this case 

we can’t rely on packages of statistics where distributions are chosen between several the 

most popular kinds. 

I’ll give an example of the estimation of the law of the distribution of intervals between 

the arrivals of aircraft for the same air route Ninta-Opoka, but during another period (Fig. 

1.4). A mix of 2 distributions is used, and its general form is as follow 
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)()1()()( 21 xfpxfpxf ⋅−+⋅= , (1.1)

where 

( )xf i  the unknown function of distribution density, i=1,2. 

p -the unknown parameter 0<p<1, probability of choosing a certain function of density. 
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Fig. 1.4 The mix of certain distributions example 
 

As can be seen in the fig. 1.4, it is most likely a mix of an exponential and normal 

distributions: 

( ) xexf ⋅−⋅= λλ1 , (1.2)
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σπ

x

exf . (1.3)

It is necessary that the unknown parameters of the obtained distribution: p, λ, µ, σ. 

There are 2 traditional methods of estimation of the distribution parameters [52]: the 

method of moments and the maximum likelihood method. We’ll use the method of 

moments. 

On basis of the equalization of the calculated empiric moments 4321 ˆ,ˆ,ˆ,ˆ µµµµ  and 

corresponding theoretical moments 4321 ,,, µµµµ   the following combined equations can 

be made: ( ) 4,3,2,1,,,,ˆ == νσµλµµ νν p , namely, 
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This combined equations can be solved by means of the numerical computing, used for 

the estimation of the unknown parameters of this distributions mix. 

1.5.6. Conclusions 

 As a result of the carried out work the following main tasks were accomplished. The 

nonstationarity of processes was analyzed: seasons, during 24 hours. On basis of the 

previous item air traffic intensity in different air routes was estimated, and so were the laws 

of interval distribution between the arrivals of aircraft 

The results of the carried out statistical analysis were used for the construction of 

different imitating models of airspace. 

It is planned to use the models for the construction of an imitating model of the 

intersection of air routes for the purpose of the probable dangerous approaches estimation. 

Thus this chapter describes the classical approach methods application to the 

estimation of the unknown parameters for concrete problem of transport logistics. 

1.6. Task formulation of the investigation 

The main purpose of the research is to suggest resampling method usage algorithms for 

different mathematical models analysis, to estimate the efficiency of this approach, and 

also to implement the suggested approach for various practical tasks solving, concerning 

the estimation of models of transport’s logistic processes.  

The following issues are supposed to be the main tasks of the work: 

 To study the main intensive computer methods of statistics (ICM) and fields of 

their applications; 

 To develop the algorithms of resampling approach application to regression 

models parameter estimation. 

 To investigate the efficiency of resampling-method for regression models 

construction. 

 To consider the possibility of applying the resampling approach for the 

forecasting and estimation of transport flows on base of regression models. 
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 To suggest algorithms of using resampling approach for queuing systems 

parameters estimation. 

 To develop algorithms for the method efficiency estimation for statistical tasks 

of queuing theory. 

 To consider the possibility of applying the resampling approach for the 

estimation of reliability and efficiency of carries on base of the theory of 

queuing processes. 

 To suggest methodic of resampling approach application for the task of 

comparison two renewal processes. 

 To estimate the efficiency of suggested method for the task of comparison of 

two renewal processes. 

 To apply the resampling approach for inventory control on base of model of the 

comparison of two renewal processes. 

 To develop the software program complex for new approach implementation 

and its efficiency estimation. 

 Using the resampling methodology, to make estimations for different models 

from the transport systems area and apply algorithms for the estimators’ 

efficiency estimation. 
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2. Contemporary intensive computer methods of 

statistics  

2.1.Common relationships 

The development of classical (traditional) statistical methods was usually bounded by 

the restrictions to the amount of calculations, which earlier were performed by hands. So 

the main classical results were connected with the asymptotical approach, for the big 

sample sizes. For the small sample sizes it was possible to use simple enumeration. The 

question was opened, how to deal with the intermediate sample size. With the appearance 

of computers this problem almost disappeared, because the methods of computational 

statistics (intensive statistical computer methods) began to develop. 

Intensive statistical computer methods are computer-oriented methods, which depend 

essentially from the level of the computers development. They allow considering different 

tasks in different areas of science in new way. Computational statistics is similar to other 

modern computational disciplines such as computational mathematics, computational 

physics, computational biology etc. These disciplines have many common features. On one 

hand, they have similar methodology: they are computationally intensive. On other hand, 

they use traditional scientific tools of discovery, such as deduction, proving theorems and 

finding formulas, theory confirmation by experiments. Computer helps researcher to 

analyze a large amount of data, to simulate alternatives by proposing and analyzing 

different models, to use obtained data for studying the model.  

In the area of computational statistics the role of computer is not only to store data, to 

perform computations and to produce graphs and tables. By using the computational 

methods, statistician can analyze alternative models, can analyze the efficiency of 

proposed approach. Intensive analysis of large arrays of information allows to find 

relations which were not known before [37], [31], [90]. Those new effective approaches 

had influence to statistics and simulation. At the present time, the revolution takes place in 

statistics, enlarging the application of the intensive methods for statistical inference and 

estimation. This results from unexpectedly rapid development of more and more powerful 

personal computers. B. Efron in 1979 [90] said, that the enlargement of the computational 

recourses allowed "to think about unbelievable", namely that statisticians could consider 

using analytical methods the problems of essentially larger dimension. Such ideas were 

fully improbable as long as 25 years ago.  



 36

The traditional statistical methods and traditional statistical models are often based on 

many assumptions (linear relations, class of distributions, stationarity etc.). On one hand, 

such assumptions simplify a model and make possible the application of analytical 

methods. But on other hand, in practical tasks such assumptions can lead to incomplete 

model or even can be incorrect. It makes the results obtained by using such methods, 

inaccurate. 

It is difficult to apply traditional methods to the analysis of complex systems, non-

stationary systems, to the case when the distribution classes that differ from classical. The 

analytical models construction for such systems is hard and expensive. So, in these cases it 

is better to apply intensive computational methods. 

In the computational statistics the hard theoretical analysis is replaced by the simple 

methods which are computationally intensive, i.e. require a big amount of calculations.  

Before the appearance of the methods of the computational statistics it was possible to 

analyze only several types of statistical calculations, mean and standard deviation; it was 

necessary to make some assumptions, like assumptions about normality, about considered 

distribution; the special education of researchers was required in order to apply, understand 

and make conclusions from statistical calculations.  

It is possible to consider the intensive computer statistical methods as the way of the 

sample control during data analysis. Traditional domain of the sample control is the 

planning of experiments. The new idea is to use active experiment during calculation and 

data analysis. 

In the case of this approach application all observations of the given sample should be 

used in the estimation procedure in order to obtain the most effective estimators. Also, all 

observations should be used in order to apply the most powerful criteria for hypothesis 

testing. One observation exclusion from calculation leads to the power of freedom decrease 

to one with all unpleased things connected with it. Researcher gets important information 

peaces, and statistician should «spill» no drops from them. Always all available data was 

proceeded. Appearance of bias in this approach was not a secret. Adequacy of the 

regression model was checked on the base of the available data, which was already used 

for estimation of coefficients. At that the real model testing was in future, when the 

researcher can get new data. However things were rarely run up to this: data is not obtained 

easy and quickly. But if data can be obtained, it rarely was a pleasure for a statistician due 

of the bias of estimators [90].  
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Computational statistical methods are simple, so it is easy to implement them. It is also 

easy to use such methods, because a very few assumptions about the model are usually 

required. 

The field of computational statistics at the present time includes a big number of 

methods. These methods allow to view data from different perspectives, analyze different 

subsets of data. As the number of different combinations of input data can be very large, a 

big number of computations can be required [37]. 

So computers played a revolution role in applied statistics, at least in three following 

aspects [49]:  

1. calculations now can be performed faster and on larger amounts of data as anytime 

previously; 

2. some standard statistical inference procedures can be replaced by the intensive 

analogs, which do less propositions about data, but require more computations;  

3. problems, which had no satisfactory analytical solution, now can be solved using 

the intensive methods [31]. By using these techniques, we can focus on motives 

and understanding of data, not on complex formulas and tables. It seems that this 

technique will make statistical apparatus helpful and easy to use tool. 

Note that the computational statistical methods are not precise as classical methods are. 

But it is true only in the case when assumptions of classical methods take place. However, 

in the case when assumptions of classical methods are not fulfilled, the computational 

methods are more powerful. So, we can say, that the computational statistical methods can 

solve many problems which could not be properly solved before. 

We must remember about a potential risk of using the intensive statistical methods. We 

need to understand that a big number of computations do not guarantee that the 

information is used correctly, and the results will be better. In many cases the classical 

method can be applied for such task, and it gives more precise result than we can obtain 

after a day of computations using the computational statistics methods.  

Easy implementation of the intensive statistical methods leads to a big amount of 

different software that realizes such methods. Often it is difficult to select the appropriate 

software. So, it is very easy to use the incorrect statistical procedure. 

It is difficult to make a classification of the intensive statistical methods due three main 

reasons: 1) There exists many different original ways for each method realization, which 

give results with tiny differences and allowing different interpretations. 2) Each 

theoretician which has a contribution to the literature devoted to the intensive statistical 

methods, has his own name for each procedure, but it can be similar to other methods. 3) 
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Asymptotically all procedures are forms of each other and full enumeration. All methods 

of the computational statistics are relied on computer to generate data samples from 

original data. Methods differ on the way how data samples are generated.  

In the next parts we will consider the following computational statistical methods: 

 Monte Carlo methods, 

 Randomization methods, which include cross validation and jackknife, 

 Bootstrap methods, 

 Proposed Resampling approach. 

 Trace-Driven simulation. 

2.2. Monte Carlo methods 

First methods which required a large amount of calculations were Monte Carlo 

methods, which appear in 60-th. These methods are randomization of experiments 

conditions with principally incomplete enumeration, by this experiments themselves can be 

not only physical experiments, but also computer calculations [75].  

Monte Carlo methods can be used also for hypothesis testing. Using this approach, the 

significance level of statistics, calculated on the base of the data sample, can be estimated. 

These methods were developed by N.P. Buslenko for the queuing theory tasks [86], [71]. 

One of the most popular group of computational statistical methods is a group of 

methods that simulate the data-generation process. Another name of these methods group 

is Monte Carlo methods. 

Monte Carlo methods also can be used in order to estimate unknown parameters of the 

system. Such methods propose generation of random numbers during the simulation 

process. Then the problem can be solved by using simulated estimator instead of the real 

one. This approach allows to understand the process that generates real data. Many laws of 

real data generation can be discovered during such simulation. 

Note that Monte Carlo methods and resampling methods are very close and we can 

easy confuse them. In fact, it is only a question of terminology. Modern definitions are the 

following. If the simulated data is used to estimate one or more parameters rather to study 

the model more generally, we use the term Monte Carlo to refer to the method. In the case 

when initial data is available and Monte Carlo method is used to construct subsets of the 

given set, we speak about resampling methods [37]. 

Monte Carlo method uses the simulated random numbers to estimate some parameter 

of the system. In order to implement the Monte Carlo method, we must use random 

numbers. Of course, on the computer pseudorandom numbers are used. 
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One of the most important moments in Monte Carlo methods is pseudorandom number 

generation. A sequence of pseudorandom numbers is determined by the so-called seed, 

which is initial state of the program. A given seed generates the same sequence of 

pseudorandom numbers every time when a program is run. Random numbers with some 

given distribution can be calculated from random numbers which have uniform distribution 

in the interval (0;1). Let us denote such uniform distribution by U(0;1). Most of the 

methods which generate random numbers with distribution U(0;1) are sequential congruent 

methods. This means that if a sequence uk-1, uk-2, ... , uk-j of such pseudorandom numbers is 

given, then the next number uk can be calculated as 

uk = f(uk-1, uk-2, ... , uk-j) mod m, (2.1)

where numbers m, j and function f are parameters of the generator. 

In order to obtain numbers with arbitrary distribution, we make a transformation 

X = g(u1, u2, ... , uk), (2.2)

and X will have the required distribution. 

The most popular methods of such transformation are as follows: Method of inverse 

CDF; Method of acceptance/rejection; Method of conditional distributions; Gibbs 

sampling; etc. 

Often the task of Monte Carlo method is a calculation of expectation of some function 

g(x) of random variable X. This task can be formulated as a task of the integral calculation 

∫=Θ
D

dxxh )( . (2.3)

If the function h(x) can be represented as a product of a function g(x) and a density 

function f(x): 

)()()( xfxgxh = , (2.4)

where 

1)( =∫D dxxf . (2.5)

Then the estimator Θ* can be represented as 
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One of the simplest estimators *Θ * of Θ  can be calculated as 
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where (x1, x2, ... , xm) is a random sample with the density function f(x). 
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It is clear that *Θ  is unbiased estimator of Θ . So, measure of its efficiency is its 

variance *ΘVar . This variance can be calculated as 

( ))(1* xgVar
m

Var =Θ . (2.8)

As a sample estimator )( ** ΘVar  of the variance *ΘVar  we can take 
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where )(xg  is an average of all values g(xi). 

Note that this formula for variance is correct if realizations g(x1), g(x2), ... , g(xm) are 

uncorrelated, i.e. 

Cov(g(xi), g(xj))=0 for all i ≠ j. (2.10)

One of the most common situations in Monte Carlo methods is the so called ”batches”. 

Batch is a sequence of dependent realizations, but realizations in different batches are 

independent (or almost independent). 

Let b be a length of a batch, k is a number of batches. Then it can be proved [55] that 

variance *ΘVar is equal to 

bVar
k

Var 1* =Θ , (2.11)

where Varb is variance inside one batch. 

Suppose that all pairs of realizations inside a batch has equal covariance. Let us denote 

this covariance as cb: 

cb= Cov(g(xi), g(xj)). (2.12)

Then variance of estimator *ΘVar  can be rewritten as 
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Monte Carlo methods also can be used for quantiles estimation and constructing of 

approximate confidence intervals for the estimator. At the first time it was suggested in 

[22]. 

The idea is the following: let we have a sample **
2

*
1 ,...,, mΘΘΘ  of realizations of 

estimator *Θ  of value Θ. We use the empirical distribution function F*(x) built over values 
**

2
*
1 ,...,, mΘΘΘ  as estimator of the distribution function F(x) of *Θ . 
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We can solve two tasks using function F*(x). First, we can estimate p-value of the 

observed realization of *
jΘ . It is equal to ( )**

jF Θ . Practically this means a calculation of 

the number r of realizations that are less than *
jΘ  and take r/m as an estimate of the p-

value. 

Second, we can use a p-quantile of F*(x) as estimator of quantile of F(x). Practically 

this means a consideration of the ordered sample  *
)(

*
)2(

*
)1( ,...,, mΘΘΘ and taking  pmΘ  as 

estimator of p-quantile of F(x). 

It is possible to reduce variance during Monte Carlo simulation. There are two main 

techniques of variance reduction: importance sampling; control variates. 

Только что был рассмотрен один из первых интенсивных компьютерных 

методов, а теперь перейдём к следующему в историческом порядке. 

2.3. The randomization methods 

Idea of Randomization Methods 
 

Rearranging, subsampling or other manipulations with sample cannot give us 

additional information. But rearranging the dataset we can obtain information, for example, 

how unusual is dataset relative to the hypothesis. This is an idea of randomization. 

There are many variants which involve data partitioning which we call randomization. 

For example, using subsets of the full sample we can estimate the bias of the variance of 

standard estimator of the test statistic. 

In some variants of randomization we split our data to ”estimation set” and ”validation 

set”. The first is used for preliminary estimation of the parameter of interest, the second is 

used for the model validation. This procedure is efficient because the validation set allows 

to validate the model in different ways. On the other hand, if all data is used for estimation, 

we are limited in the way of the model validation. 

 
Randomization in Comparing of Means 

 
Here the main idea is to compare the given configuration with all possible 

configurations. Such tests can be done in the case when a hypothesis of interest does not 

have obvious test statistics or distribution of the test statistics is not known. 

Let us consider an example. We have two samples and we must compare expectations 

of the general populations from which the samples were extracted. Using traditional 

approach, we must calculate the difference of means, or use rank criteria. In both cases we 
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cannot construct the interval for criteria without making assumptions about distribution of 

the sample. 

Using randomization approach, we can also select any of mentioned criteria. Let us 

select a difference of means, for example. We calculate a difference of means of the given 

samples. Then we exchange the first elements of the samples and calculate the difference 

of means of the obtained samples. Then we exchange the first element of the first sample 

and the second element of the second sample and so on. 

If n1 is a size of the first sample and n2 is a size of the second sample, we get ( )21

1

nn
n
+  

realizations of the mean difference. Now, without making some assumptions about the 

distribution of the samples and test statistic, we can estimate the empirical significance of 

the mean difference of the initial samples by calculating r - a number of experiments where 

the difference of means exceeds the initial difference, and calculating r/m, where  

m = ( )21

1

nn
n
+ - total number of experiments. 

2.4. The Cross-validation method 

Before simulation approach appearance, with its much easier attitude to an experiment, 

it is difficult to find even hints of the sample control during inference in statistical 

literature. From other side, there existed another similar research area, image recognizing. 

The first statistical problem formulation belongs to R. Fisher (it is so-called discriminant 

analysis). Later another approach was introduced, which is often called «recognizing with 

a teacher». Now it is usually called cross validation [90].  

Cross validation is a procedure in which we divide the sample to ”estimation set” and 

”validation set”. The estimation set is used to estimate parameters of interest, but 

validation set is used to analyze the quality of the model. 

Let us see how the cross validation method can be used for the fitting problem. The 

problem is for the given X and Y to construct the function g(x) such that Y = g(X). We are 

interested, of course, how our model will work with new points, i.e. how good prediction 

we can made [37]. 

It is clear that measure of estimation quality is a value 
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R

1

))(,(1
, (2.14)

where R(y,g) is a measure of error of the observed value y and the predicted value g. Often 

R(y,g) is a simple L2 norm of y and g difference, i.e. in one-dimensional case (y - g)2. 
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If we apply the cross-validation method for this task, we divide the dataset on two parts 

S1 and S2, where S1 is ”estimation set” and S2 is ”validation set”. We make an estimation 

using the set S1, and then estimate quality using S2. Let g1(x) be a fitting function, 

constructed using the set S1. The quality of estimation can be calculated as 

∑
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2 Si
ii xgyR

S
R , (2.15)

where |S2| is a power of the set S2. 

Now we can exchange roles of S1 and S2 and to combine estimators. Using different 

selections of S1 and S2, and constructing different model combinations we can get the best 

estimator. 

One more example of using the cross validation is ”prediction sum of squares”. This 

method is a method used in regression models to select variables from available set to use 

in regression model. 

The idea of the method is the following. Let we have a sample of n observations. We 

select n-1 observations as training set and one observation as validation set. We build a 

regression model and estimate vector of parameters jβ̂  (this is a vector estimated without 

observation j). This procedure is performed for each observation j. The total estimator 

PRESS is equal to 

∑ −= 2)( j
T
jj xyPRESS β . (2.16)

 

When we add new variables to the model, the value of PRESS at the beginning 

decreases and then begin to increase when overfitting occurs. 

It is easy to imagine the future evolution of this idea, especially if good computers are 

available. Really, why we need to make a binary division only once, not several (better 

many) times? Why the section is binary? Maybe, the tenth part will be enough for 

examination? 

2.5. The Jackknife method 

Computers allow realizing a procedure, which slightly losses an efficiency, but allows 

to decrease sample bias significantly. Such procedure was introduced in 1949 by Maurice 

Quenouille. The idea was to exclude from consideration the observations sequentially, 

proceed all remaining information and forecast the result in the excluded point. The set of 

obtained biases on all points contains information about the total bias, which can be used. 

Moreover, this data contains also information about variance, which opens new 
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perspectives for this procedure. J. Tukey [59], which participated actively in perfection of 

this method, called it the jackknife [37], [90]. 

The main idea of jackknife method is to split the initial sample onto subsamples and to 

use the obtained groups to estimate the parameter of interest µ and to correct bias of the 

estimator. 

Let we have a sample X1,X2, ... ,Xn. Our goal is to estimate the parameter Θ of the 

sample. Let statistics T be a sample estimator of the parameter Θ. We split the initial 

sample into r groups with k elements in each group. Let us suppose that n = rk. 

Now we remove the j-th group from the sample and calculate the statistics T without 

this group. Let us denote this estimator as Tj . This estimator has properties similar to T. 

For example, if T is biased, then Tj are also biased; if T is unbiased, Tj are also unbiased. 

The mean of Tj can be taken as an estimator of Θ: 
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Let us consider the weighted differences between the estimate of the full sample and 

reduced samples: 

jj TrrTT )1(* −−= . (2.18)

These values are called pseudo values. The mean of these values is called ”jackknifed” 

mean and is denoted J(T): 
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It is common situation in the jackknife methods to take the group sizes k = 1. This 

choice is optimal under certain assumptions about the sample. 

Let us suppose that k = 1. The jackknife estimator is effective if T has the second-order 

bias. Let the bias B(T) of the estimator T can be expressed as 
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If all aq = 0 except a1, we call the estimator T the second-order accurate. In this case it 

can be shown that the estimator J(T) is unbiased. By transforming expression for J(T) we 

get a formula for the second-order bias correction: 

TnnTT )1(* −−= . (2.21)

It is also possible to correct higher order biases. 
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2.6. The Bootsprap - method 

Idea of Bootstrap 

We will describe Bootstrap more generally, because it is very similar to the proposed 

Resampling approach and basic ideas of Resampling come from Bootstrap. Bootstrap 

initially was proposed by Efron in 1977 [90] and then it was extended by other authors 

[65], [49], [41]. 

Firstly Bootstrap method was proposed as a generalization of jackknife. The question 

is, that forming of subsamples in jackknife method, and all the more in cross validation, 

supposes extraction without replacement from the given sample. B. Efron proposed to use 

extraction with replacement. Then formally all degrees of freedom are saved during any 

phase of data processing. Probably it is bootstrap method advantage over other sample 

control methods. Advantages of bootstrap, especially asymptotical ones, is possible to 

prove quite accurately [37], [90]. 

Bootstrap is nonparametric method, which doesn’t suppose the probabilistic 

distributions estimation. The core idea of the method is to use available statistical data 

directly in simulation. The difference between bootstrap and traditional methods is that 

bootstrap supposes repeated processing of different parts of the same data, performing, as 

it were, there turn «by different sides». 

This approach of B. Efron appeared under strong influence of R. Fisher ideas about 

maximal likelihood concept, which appear in 1912. It follows from this idea that 

something that we observed in experiment, should happen. So we need to estimate all 

unknown values from the experiment in a way to adjust them with available data as better 

as possible. Then the estimators of unknown values will be «the most plausible» ones on 

the base of available information. Intensive development of this concept during many years 

made it one of corner stones of modern mathematical statistics. 

Bootstrap is nonparametrical method, which firstly was developed to avoid a bias, 

produced by sample. For this problem solution we need to select the models, where the 

results weakly depend on the real situation. It is technique of non-parametrical statistics, 

which leaded to the non-parametrical and robust methods development. It becomes known 

later, that it can be used for estimation of the sample variance, confidence intervals 

construction and hypothesis testing.  

Therefore bootstrap is a multi-purpose statistical method. Bootstrap can be used for 

solving many kinds of statistical problems.  

Bootstrap can be used for solving many kinds of statistical problems, such as hypothesis 

testing about distribution of random variables, regression, variance analysis or 
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multidimensional data classification. Of course, in many cases there is no need in 

bootstrap, and it is not cheap, because requires a big amount of calculations. But in the 

problems, were different difficulties appeared previously, bootstrap can help us. It is 

widely used, for example, in a proportional risk models of D. Cox, and also in models with 

censured data, which are very typical for the problems of reliability, forecasting, medical 

diagnostics etc. During a long time it was not possible to overpass statistical difficulties in 

the models of regression, non-linear by parameters. Now there is a progress also in this 

area, thanks to «bootsrapization», which doesn’t require of a priori knowledge of the 

residuals distribution law. At the present time, the confidence intervals construction seems 

to be one of the main practical sides of this method application [27], [28]. 

Let us describe a Bootstrap-procedure. An initial sample of size N is available. The 

Bootstrap-procedure supposes to replicate this sample many times. Then many samples of 

the size N can be extracted at random from this new sample. For each of extracted 

bootstrap-samples it is necessary to make a data processing according with the initial goals 

and to obtain not one answer, but a set of answers. At last, this set of answers should be 

used to decrease a bias, to estimate a variance, to construct confidence intervals, to test 

hypotheses. Note that it is convenient to use matrix samples during such type of 

procedures, known in experiment planning.  

Bootstrap-procedure doesn’t require information about the considered random variable 

distribution law, and in this sense can be considered as non-parametrical one. As bootstrap, 

jackknife and cross-validation are closely connected, we will not distinguish them strongly. 

In many publications, as in Efron’s articles, they are considered together. 

The basic idea of Bootstrap is to use available sample as general population. So, we 

make random samples (”resamples”) from this population and suppose that any test 

statistic can be estimated on the base of these resamples. 

For example, let us estimate the parameter Θ . If the distribution F(x) of the random 

sample would be known, it could be estimated as 

∫= )()( xdFxgΘ . (2.22)

In our task the function F(x) is unknown. We replace it by the empirical distribution 

function )(* xF . In this case the estimator *Θ  of the parameter Θ  can be calculated as 

∫=Θ )()( ** xdFxg . (2.23)

Many properties of the distribution of *Θ  can be studied on the base of bootstrap 

resamples. 
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Let ) x, ... , x,(x  n21=X be an initial sample. Then Bootstrap resample is a vector 

) , ... , ,(  **
2

*
1

*
nxxx=X  where X∈*

ix , and elements of vector *X  are extracted from X  with 

replacement. 

Each vector *X  corresponds a resampling vector Pn that defines proportions of 

elements inclusion to the resampling vector. Let ni be the number of inclusions of element 

xi to the resample. Then Pn can be calculated as Pn = (n1/n, n2/n, ... , nn/n). This vector has a 

polynomial distribution with parameters n and 1/n. 

The Bootstrap principle is the following: we suppose that the given sample is a general 

population. So, we work with the empirical distribution function )(* xF  instead of the 

function F(x). The main advantage is the following: we know more properties of )(* xF  

than of F(x). Of course, some knowledge about F(x) can give us more information about 

)(* xF . 

We can denote Pn as )1(
nP  (”first resample”). Then the initial sample should be denoted 

as )0(
nP . Theoretically it is possible to make next resamples, such as )2(

nP , )3(
nP  etc. 

 

Bias Correction 

The task of the bias correction is the following: find a constant b such that  

E(T(P) - T(Pn) + b|P) = 0. According to the Bootstrap principle we can replace P by Pn, Pn 

by )1(
nP . Then 

0)|)()(( 1
)1( =+− nnn bTTE PPP . (2.24)

So we can write b1 as 

))|(()( )1(
1 nnn TETb PPP −= . (2.25)

Then an estimator with less bias is 

)|(()(2 )1(
1 nnn TETT PPP −= . (2.26)

Value )|(( )1(
nnTE PP  can be estimated by creating m random resamples (with 

replacement) from original sample, calculating )( )1(
nT P  for each realization and taking 

average of these realizations as estimator )|(( )1(
nnTE PP . 

Estimation of Variance 

Suppose that we have a sample n21  x, ... , x,x  and some statistics T(x). The statistics 

T(x*), calculated using the same formula as T(x), but with resample x* as an argument, is 

called Bootstrap observation of T. 
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The properties of T(x) can be studied on the base of the properties of T(x*). For 

example, variance of T(x*), can be an estimator of the T(x) variance. If we have m 

Bootstrap samples, then the estimator of variance Var*(T(x*)) can be estimated as 

( ) ∑ 




 −

−
=

2****

1
1)( TT

m
xTVar j . (2.27)

 

2.7. Trace-Driven simulation 

One more new intensive statistical computer method, applied for validation of 

constructed model relatively to real system, is Trace Driven Simulation. This method is 

considered in works of J. Kleijnen and A. Andronov [43], [44], [17], [18]. The core of this 

method is following 

Let us consider a practical simulation task. Let the constructed model and the real 

system have some common inputs: for example, the constructed model and the real 

queuing system have the same sequence of customer arrivals. The real system generates 

the sequence of output Wi , but the constructed model generates outputs Vi,r  for each 

realization r, r=1,2,...,s, for example, the time of the i-th work completion. The output 

sequences can be characterized by some output statistics Xt , for example, a number of 

arrivals during time t. In order to make a statistical validation of the parameters of the 

model relatively to the parameters of the real system, a comparison of outputs is necessary. 

For this comparison, the special statistics are proposed. We suppose that the constructed 

model have at least one input variable, (for example, a service time), which doesn’t belong 

to ‘trace’, and so these inputs are generated in the model using the random number 

generator. s realizations of simulation are performed (inputs – times of customer arrivals 

are used), and as a result outputs Vi,r  are obtained, where r=1,...s. These output sequences 

of the model are compared with the real system output sequence Wi. The solution of this 

problem was proposed in [43]. 

Often the intensive computer statistical methods are used together. So, during Trace-

Driven simulation bootstrap and Monte Carlo experiments can be used. In [44] more 

specific case is described, when each realization starts from empty systems and ends after a 

fixed number of completed jobs k. Real outputs are also independent identically 

distributed, but in difference with [43] there is no assumption that the joint distribution of 

(Xi, Yi) is normal. This property takes place in the case of small number of completed jobs 

k (small size of corresponding input sample). In the case of non-normality and small 

number of realizations s it is necessary to use bootstrap method. According to the bootstrap 
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technique the samples are generated with replacement from the independent identically 

distributed random variables [31]. Bootstrap method was not used previously in the 

simulation of dependent (autocorrelated) time series. 

In [44] the novelty was the idea, that one realization of the constructed model can be a 

model for other realization. So the hypothesis about validity of the constructed model is 

supported. Therefore, if s>1, then we can consider the bootstrap distribution of any 

validation statistics with H0 hypothesis about validity of Trace-Driven simulation results. 

The main idea is, that if the Trace-Driven model is executed more than 2 times (s>2), 

then the bootstrap-method for any statistics gives acceptable probabilities of I kind 

mistakes; the simplest statistics (distribution of average) gives better results, than more 

complex statistics. 

Application of this intensive computer method to the analysis of transport models is 

considered in the article of Kleijnen and Andronov [18]. One-way traffic models are 

considered. Let the beginning and the end of a highway are checked by special means. The 

rest of the highway distance is not checked. In the beginning and the end of the highway, 

the historical sequence of the vehicles passing times is being checked out. It was necessary 

to determine if the rest of the highway functions is in normal mode. To do this we consider 

hypothetical model that simulates work of the considered highway for the normal mode. 

The same input for the model is used and we draw the conclusion on the base of the 

comparison of real and simulated outputs. 

Thereby the current chapter consists on the different ICM of statistics overview. All 

they are familiar to the resampling method which is described in the next chapter.  
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3. The resampling-method and its development  

3.1. Common relationships 

It was also mentioned in the beginning of this chapter that it is very difficult to draw a 

distinction between the different types of ICM. Often they are called simply resampling 

methods. Simply for each concrete task the application of this method is slightly different, 

but as a whole the procedure is similar with the idea of jackknife and bootstrap. For the 

first time resampling-method for systems simulation applied V. Ivnitski in 1967 [41].  

Further the described approach implementations were considered in the following 

works by Andronov [16], [14], by A. Andronov and Yu. Merkuryev [9], [10], [11], [12], 

[15], by T. Loginova [79 ], by E. Chepurin [24], by E. Yu. Belyaev [23], by M. Fioshin 

[35], [36], by H. Afanasyeva [2], [4], [5], [6] and etc. 

Resampling is an intensive computer method, which can be applied in statistics and 

simulation. It is alternative method for systems simulation and it can be effectively used in 

the case of small samples, in the case when one sample is available for various variables. 

Resampling is a non-parametrical method and doesn’t require any estimation before use, so 

it can be efficiently used when such estimation is not precise or requires many calculations. 

Basic problems of the mathematical statistics and simulation are connected with 

insufficiency of primary statistical data. In this situation, the resampling-method suggests a 

way to solve those problems. The resampling-method supposes a nonparametric approach 

as the probabilistic distributions are not estimated at all and random variables are not 

generated by a random number generator in accordance with the estimated one. Here, 

simulation is realized by a direct use of the primary statistical data by means of elements 

extraction from them at random. The resampling technique involves multiple sampling, 

with replacement, to have a lot of subsamples. This approach to system simulation was 

described earlier in papers by A. Andronov [14], [16]. It was shown there that the bootstrap 

method allows to avoid estimate bias and to decrease its variance. 

A repeated extraction of samples has two sides. On the one hand, an increase of 

subsample number is a positive factor because it allows using available information in the 

better way. On the other hand, an amount of information decreases for every new 

subsample because the probability increases to sample data have been already extracted 

before. This is a negative factor. The controlled resampling method gives an obvious way 

out of this difficulty: a recurrent element should be extracted from the primary sample 

population with a probability which depends on a number of its previous extractions. This 
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approach was used in the paper by A. Andronov and Yu. Merkuryev [12] in a case of a 

simple structure of estimator calculation. 

Let’s consider the resampling-approach application for simulation of stochastic systems, 

which functioning is influenced by a large number of random factors. One of the first 

stages of simulation is the data gathering about those random factors and their processing 

to estimate the corresponding distribution laws. The estimation process may be sometimes 

very bulky from one side, and can not guaranty that the distribution law will be found 

correctly from other side. To avoid such weak spots of traditional methods, there was 

suggested the method that not require the special analysis of initial data. The essence of the 

method consists in such operation with data, that not require data special processing. This 

method was called resampling.  

Resampling-method was suggested a long time ago and was used basically in the tasks 

of mathematical statistics, pattern recognition and etc. The idea of this method using in 

simulation for data processing is relatively new. That’s why it is necessary to develop 

algorithms for resampling-method application efficiency analysis for different systems 

models at different simulation stages. 

At present resampling-method is examined in many directions. One of the perspectives 

is this method application for the output data analysis of simulation model.  

The rapid development of computer technology in different fields caused the necessity 

of searching of new, more effective approaches for different problems. Therefore the 

application of resampling-approach as a modern method can be considered to be one of the 

leading problems of contemporary statistics. 

It was determined, that simulation models are more often used mathematical models for 

different problem solving connected with transport technique exploitations what leads 

often to resampling-method application.  

The main purpose of this promotion work chapter’s research is the overview of the 

different way of resampling approach applications and the efficiency analysis of it 

application for concrete situations. Further chapters will be devoted to other examples of 

resampling methods implementation in reliability theory of transport systems, the 

forecasting models of transport flows, the storage control problems  

3.2.The Resampling methods application model 

Often the aim of the simulation is to obtain the expectation Θ  of the function φ  from a 

number of random variables (r.v.) mXXX ,,, 21 K :  



 52

),,,( 21 mXXXE Kφ=Θ . (3.1)

This function describes performance characteristics of the considered system. The 

distributions of r.v. mXXX ,,, 21 K  are unknown but for independent variables sample 

populations are available as primary data: : 

},,,{ 21 iiniii XXXH K= , |Hi|= in , i=1,..,m. (3.2)

The traditional approach to solving this problem by simulation supposes three stages: 1) 

hypotheses about distributions of r.v. {Xi} are made; 2) unknown parameters of these 

distributions are estimated from observations {Hi}; 3) the estimated distributions are used 

to estimate the expectation Θ  by generation of variables {Xi} values and simulating the 

function φ  on that basis.  

The described approach has the following disadvantages. The final aim is the estimation 

of the expectation Θ , but not the estimation of the distributions of r.v. {Xi}. That’s why 

the following two statistical errors can appear:  

1) The error in detecting the type of the probability law of r.v.;  

2) The bias of the estimation of the unknown parameters of r.v. distributions, if even the 

type of distributed was selected correctly. 

The alternative is the nonparametric approach. By this in simulation process we do not 

generate the r.v. values, but extract them from the sample populations Hi. It can be 

determined that the sizes of available data are not equal and too small, to perform the 

presentable simulation. This difficulty can be overcome by resampling-approach 

implementation. It supposes that the same data for one r.v. can be uses many times in 

different combinations with other r.v. data.  

The known function φ  on m independent r.v. mXXX ,,, 21 K : ),,,( 21 mXXX Kφ  is 

considered. 

It is assumed that the distribution function Fi(.) of r.v. Xi, is unknown, but the sample 

population (3.2) is available for each Xi. The problem consists of an estimation of the 

expectation (3.1). 

An obvious approach consists of expectation calculation by using empirical distribution 

functions mixFi ,..,1),(ˆ = : 

∫ ∫
∞

∞−

∞

∞−

=Θ ).(ˆ)(ˆ),,(ˆ
1121 mmm xFdxFdxxx KKK φ  (3.3)
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This estimator is unbiased and depends on empirical distribution functions only. 

Therefore it is minimum variance nonparametric unbiased estimator [48].  

Practical application of the last formula supposes an averaging of values function φ  in 

respect to item-by-item examination of the given data. To write down the corresponding 

expression we introduce the following notation: 

 },2,1{ ii nN K= ;  

 l – the number of the current examination;  

 ii Nlj ∈)(  is a number of the element from iH  that has been extracted in the l-

th examination;  

 ))(,),(()( 1 ljljlj mK= ;  

 J – a set of all different combinations of j(l).  

Then we are able to present the formula (3.3) in this way: 

),,,,(
||

1ˆ
)()(2)(1

)(
22 lmjljlj

Jlj
m

XXX
J

K∑
∈

=Θ φ  (3.4)

where .|| 21 mnnnJ K=  

There is difficulty concerning too big number of all combinations: mnnnJ K21|| = . 

Usually two approaches are used in this case. At first, frequently for fixed function φ  it is 

possible to take the expression (3.4) into another contains less number of statistics. For 

example, if function φ  is a sum of own variables then after some transformations the right 

side of the (3.4) will be a sum of empirical averages. 

)1,4,2,2()2(
)2,4,1,2()1(

=
=

j
j( )4321 ,,, XXXXφ

1H 2H 3H 4H
 

Fig. 3.1 The resampling-procedure example 

Secondly the resampling approach can be used. Here the values the function φ  

arguments are extracted randomly from the corresponding sample populations }{ iH . In 

other words ))(,),(()( 1 ljljlj mK= , ,,2,1 K=l  are random samples from }{ iN . Usually 
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)(lj  and ),,,()( )()(2)(1 22 lmjljlj m
XXXlX K=  are said to be the l-th resamples. For r 

resamples we have the following formula instead of (3.4): 

∑
=

=Θ
r

l

lX
r 1

* ))((1 φ . (3.5)

Usually the resamples number r is essentially less in comparison with total item-by-

item examination. Let’s speak about the question of a method of random resample 

extraction. We suppose that the following conditions take place: 

1. all the resamples ,,2,1),( K=llX have the same marginal distribution, that corresponds 

to the product of initial distributions }{ iF : 

).()()(},,,{ 2211)(2)(1)( 21 mmmljljlj xFxFxFxXxXxXP
m

KK =≤≤≤  (3.6)

2. Samples ))'(),(( lXlX  have the same joint distributions for all 'll ≠ . 

We will name such resample plan as conservative one. Obviously, for each 

conservative plan, the estimator (3.5) is unbiased: 

.* Θ=ΘE  (3.7)

Note that the conservative plans implicate various versions of resampling approach: 

simple resampling, controlled (weighted) and hierarchical, stochastic processes resampling 

and etc., but do not implicate the item-by-item examination. By this our main aim is the 

calculation of the estimator variance. 

We will use the following notations for the moments: 

K,2,1),))((())(( === νφφµ νν
ν lXEXE  (3.8)

'.))),'(()),(((11 lllXlXE ≠= φφµ  (3.9)

Then our variance of interest for estimator (3.5) can be represented by this way: 

,22** µ−Θ=Θ EVar  (3.10)

( ).)1(1
112

2* µµ −+=Θ r
r

E  (3.11)

Note that 11µ  value depends upon the used method of element extraction from the 

given samples. At first we will consider the so-called simple resampling.  

3.3. The simple resampling 

Here at the l-th experiment we extract the current element from iH  at random with 

replacement, so all elements have the same probability 
n
1  of extraction. By this all 
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experiments are mutual independent. To calculate the mixed moment 11µ , we use the ω - 

pair notation from A. Andronov [9]. iH  

|J|=96 ( )4321 ,,, XXXXφ
)1,4,2,2()2()2,4,1,2()1( == jj

 vienādi 

 vienādi 

j(1) un j(2) veido {1,3} – ω-pāri 

1H 2H 3H 4H
Fig. 3.2 The simple resampling-procedure example 

 

Let },2,1{ ii nN K= , },2,1{ mM K= , M⊂ω , ))(,),(()( 1 ljljlj mK=   

))'(,),'(()'( 1 ljljlj mK= , when iii Nljlj ∈)'(),( . We will say that two vectors )(lj  and 

)'(lj  form the ω - pair, if )'()( ljlj ii =  for ω∈i  and )'()( ljlj ii ≠  for ω∉i . In other 

words, components of vectors )(lj  and )'(lj  coincide if they have numbers from ω . Let 

)(ωA  be event “the resamples )(lj  and )'(lj  for different trails ll ≠'  form ω - pair”, 

}{}{ ωω APP =  be the probability of the event, )(11 ωµ  be corresponding mixed moment if 

two resamples form ω - pair: 

).|))'(()),(((11 ωφφµ AlXlXE=  (3.12)

Note that 211 )( µµ =M . Then 

∑
⊂

=
M

P
ω

ωµωµ ).(}{ 1111  (3.13)

Let Ω  be the space of all ω -pairs. Obviously that m2|| =Ω . In fact it is the 

arrangement number of m elements on two cells ω  and ω−M .  

If the simple resampling takes place then the probability to have ω - pair: 

∏
∉

−=
ω

ω
i

in
J

P ).1(
||

1}{  (3.14)

Therefore in accordance with (3.11) and (3.13): 

( ) ( ) .1)(
||

111
111

2*








−−+=Θ ∑ ∏

Ω∈ ∉ω ω

ωµµ
i

in
J

r
r

E  (3.15)

The second moment of the estimator (3.4) if ( )∏
∉

=−
Mi

in 11  is calculated by formula: 

( )∑ ∏
Ω∈ ∉

− −=Θ
ω ω

ωµ
i

inJE 1)(||ˆ
11

12 . (3.16)
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Therefore 

( ) .1)(||1ˆ
11

1
2

22*








−−+Θ=Θ ∑ ∏

Ω∈ ∉

−

ω ω

ωµµ
i

inJ
r

VarVar  (3.17)

Note that ( ) ( )( ) ,||111
1

∑ ∏∏
Ω∈ =∉

=−+=−
ω ω

Jnn
m

i
i

i
i  and in accordance with the Holder 

inequality for all Ω⊂ω : 

( )( )( )( ) ( )( )( )( ) ( ).|'|)|))'(()),((( 2
2/122/12

11 ωµφφφφµ ωωω =≤= AlXEAlXEAlXlXE  (3.18)

Therefore, 2*2ˆ Θ<Θ VarVar  but ,ˆ 22* Θ→Θ VarVar  when r tends to infinity.  

In the considered problem, each random variable iX  had its unique sample iH . More 

difficult situation arises when some different r.v. have the same sample. This case has been 

investigated by A. Andronov et al. in 1996 [10]. 

3.4. Resampling of Stochastic processes 

On the contrary stochastic processes have a dynamic character. There are some 

publication, where the familiar problems where investigated in A. Andronov [14]; in H. 

Afanasyeva [4], [5], [6]. Here the efficiency investigation of resampling estimator 

encounters great difficulties. Let’s consider the queuing system GI/G/1/0 in accordance 

with Kendall classification. A recurrent input of claims (requests) comes into single-server 

queuing system. The system has no places for waiting, i.e. it is loss queuing system. The 

distribution function of r.v. X of intervals times between claims arrivals and the 

distribution function of r.v. Y of service times are unknown, but two corresponding 

samples { }lX XXXH ,,, 21 K=  and { }mY YYYH ,,, 21 K=  are available. It is necessary to 

estimate an average number of loss claims during one service time. 

In accordance with resampling approach, we produce a sequence of simulation 

realizations. At the particular (let the l-th) realization we produce two procedures of 

random sampling:  

1) a sampling of one element ( )ςj  from the set { },,,2,1 mK  which defines a service 

time Yj HY ∈)(ς  in this realization;  

2) a sampling without replacement of elements ( ) ( )K,, 21 ςς ii  from the set { },,,2,1 lK  

until a sum of accordant variables { }iX  is not bigger than ( ) kNYj =ςς : , if: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ., )()( 12121 ςςςςςςςςς jiiiijiii YXXXXYXXX
kkk

<++++≤+++
+

KK  (3.19)
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The extracted r.v. )()()( 21 ςςς kiii XXX K++  defines the time intervals between arrivals 

during service time in this realization, but kN =ς
 is a number of arrivals, i.e. a number of 

loss claims. There should be specified a pathological case ( )ςjl YXXX <++ K21
. In this 

case let us put down lN =ς .  

An estimator of characteristic Θ  is computed as the average for n realizations:  

.1

1

* ∑
=

=Θ
n

N
n ς

ς  (3.20)

There should be said that this estimator does not have the explicit formula for the 

considered characteristic. It is obtained by immediate simulation of queuing process when 

the present samples HX and HY are used. Statistical properties of this estimator have been 

investigated in 1996 by A. Andronov [10]. It was shown that the bias, the variance and the 

mean squared error are less for the traditional plug-in estimator, than is based on empirical 

distribution function. 

A central position in the theory of applied stochastic process is held by the renewal 

processes [53]. In particular they describe failure flow of the reliability systems. If these 

systems are reliable then observed numbers of system lifetime will be small and we have to 

use the resampling approach to get credible statistical inferences.  

Let { }iX  be a sequence of the positive independent r.v. with common distribution 

function F(.). Let ,00 =S  

∑
=

≥=
i

j
ji iXS

1
.1,  (3.22)

If tSi =  for some i, then it is said that a renewal occurs at time t.  

A renewal process is defined as  

{ }.:sup)( tSitN i ≤=  (3.23)

N(t) value means the total number of renewals in the interval [0,t]. Let H(t)=EN(t) is 

the renewal function. Let we have to estimate the value H(t) for a fixed time t on the base 

of the given statistical data { }nX XXXH ,,, 21 K= . Usually the renewal function is 

estimated on the base of empirical distribution functions ( )xF̂  of r.v. { }iX . Let ( )xFi
ˆ  be 

the i-th fold convolution of ( )xF̂  with itself:  

( ) )(ˆ
1̂ xFxF = ,  

( ) ( )∫ =−=+

x

ii iyFdyxFxF
0

1 ,2,1,ˆˆ)(ˆ K  
(3.24)
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Then the estimator of H(t) is determined by formula:  

∑
∞

=

=
1

).(ˆ)(ˆ
i

i tFtH  (3.25)

It is easy to show that ( )xFi
ˆ  and )(ˆ tH  are biased estimators of ( )xFi  and )(tH  

correspondingly.  

We purpose to consider the resampling-estimator that is determined by the following 

way. We produce r independent realizations of values ).(,),(),( 21 tNtNtN rK  In the l-th 

realization we extract elements from HX without replacement and form sequence: 

( ) { }))()( )(21
,,, lilili ttN
XXXlX K= , (3.26)

where 





 ≥≤+++

=
otherwise.n

tSiftXXX{j
lN nlilili

t
j

,}...:max
)( )()()( 21  (3.27)

Now the resampling-estimator of H(t) is defined by formula:  

∑
=

=
r

l
l tN

r
tH

1

* ).(1)(  (3.28)

We are able to define the resampling-estimator of the i-th fold convolution ( )xFi  of 

( )xF  with itself too. This estimator uses the following indicator function: 



 ≤

=
.0

,)(1
)(, otherwise
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where 
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Then the resampling-estimator of the i-th fold convolution is calculated by formula: 

( ) ∑
=

=
r

l
lii t

r
tF

1
,

* ).(1 χ  (3.30)

Obviously this estimator is unbiased, if ni ≤ . It testifies an advantage of the resampling-

approach.  

Efficiency investigation of considered estimators has been made by A. Andronov in 

[14]. Numerical examples showed that resampling-estimators in particular case (not 

obligatory ni ≤ ) have less bias than usual plug-in nonparametric estimators on base of 

empirical distribution function of time between renewals. 
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4. Transport flows forecasting models 
4.1. The forecasting methodology 

The transportation forecasting in the system of industrial and economic activity of the 

enterprises. 

One of the major initial procedures of formation of the long-term plan is forecasting. 

Practical formation of the forecast (forecasting) consists in that on the basis of defined 

methodology and by means of the certain device to process an information available at 

present on a condition of studied object and on laws of its change observed earlier and to 

transform it into the information on the future condition or behavior of object. 

The basic direction of forecasts by development of the plan of manufacture – it is a 

supply with information of planning. Efficiency of plans and their validity depends on 

completeness of this maintenance. Forecasts help to define what processes of considered 

manufacture expediently to develop with advancing rates, allow to prepare alternatives of 

their development and more or less objectively to compare them [67]. 

Process of forecasting (without dependence from objects of forecasting) consists of the 

certain sequence of some operations. Therefore it can be presented in the form of the 

typical technological scheme consisting of several stages. The basic stages are the 

following: 

 statement of a problem - describe object of forecasting; allocate parameters subject 

to forecasting and concomitant factors; form the final purpose and problems of 

forecasting;  

 development of mathematical model of forecasting - model can be chosen from 

among known and approved to the present time at the decision of similar problems 

or can be developed specially for a task in view; 

 discussion of the developed mathematical model with representatives of controls 

for finishing up to their data of the additional restrictions following from suggested 

mathematical model; 

 development of a mathematical method of the decision and corresponding 

computing algorithm; 

 development of the task for programming and its coordination with the controls, 

including the description of the form of representation of results, ways of entering 

of corrective improvements and other elements of the task;  

 drawing up of both the computer program and its description;  

 gathering of the necessary information, statistical estimation of unknown 
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parameters of mathematical model (to estimate it is possible both within the limits 

of the developed methods and the program, and outside of them); 

 check of working capacity of model, a method and the program, entering of 

necessary corrective improvements, sometimes revision of the scheme of 

forecasting; at an estimation of quality of forecasting both the expert and 

mathematical-statistical methods (for example, criteria of the agreement) can be 

used; 

 drawing up, the analysis and use of results of forecasting. 

From all variety of problems of forward planning of development of transport system 

of region forecasting of transportations of passengers and cargoes takes leading place. The 

forecast is the initial information for all other forecasts and plans, in particular, is used at 

formation of park of means on prospect, a transport network to arrangement of vehicles on 

a network, definition of the tendency of need for capacities and its capital investments in 

development of transport system of region and its components, distribution of cargo - and 

volumes of passenger traffic between modes of transport of region, planning of 

development of a network of transport objects (the airports, railway stations and stations, 

river ports and quays, etc.), accommodation of places of basing of park of vehicles and 

developments of a network of technical bases, etc. 

Complexity of problems of forecasting of transportations of passengers and cargoes on 

a regional level is explained by the following reasons: the big nomenclature of a 

transported cargo; casual character of demand for transportations; influence of constantly 

varying material conditions of a life of the population on mobility of the population; 

mutual influence of demand on transportations of passengers and cargoes and represented 

opportunities for transportations; interaction of modes of transport; in huge scales of 

problems of forecasting of transportations of passengers and cargoes. 

Complexity of problems of forecasting leads to necessity of wide application of 

modern mathematical methods and the computer. Use of the computer within the limits of 

the automated system allows to process in due time and qualitatively the big volume of the 

information, covering data on all enterprises of region, to spend multiple calculations, to 

realize complex mathematical models, to find optimal and most authentic forecasts. 

Greater advantage of drawing up of forecasts of transportations of passengers and cargoes 

on the computer within the limits of the automated system is also that they can be used 

directly further for the decision of other problems of forward planning of development of 

transport system of region. 

 



 61

Classification of predicted parameters and problems of forecasting  

The quantity of the parameters describing a level of transportations of passengers and 

cargoes in region and used in various problems of planning is very great. 

First of all it is necessary to distinguish sending and transportations of passengers and 

cargoes, a passenger turnover and a turnover of goods, speaking about which we shall add 

"aviation", "railway", "river", "sea", "automobile" and total, by, whether they concern to 

air, railway, river, sea or automobile transports or are parameters of total transportations by 

all modes of transport. It is necessary to note, that for cargoes is still and pipeline transport 

[67]. 

Depending on time to which parameters concern, distinguish monthly and annual 

parameters. At a choice of this or that method of forecasting objects of forecasting have 

great value: a direction (pair settlements from which one is initial, and the second final), 

transport object (the airport, railway station or item, river port or quay, etc.), territorial 

transport association, the region, a separate zone of range. 

It is necessary to distinguish also concepts "demand" and “volume of transportations ". 

The first is connected with demand for transportations of passengers and cargoes transport 

of region, and the second with actual taking place or expected volume of transportations, or 

“the cut down demand ". In statistical forms of the reporting register volume of 

transportations (actually carried out transportations). Restoration on these data of demand 

for transportations – it is a special problem of forecasting. 

The resulted classification gives full enough description of predicted parameters. The 

subject of forecasting will be described completely if to tell: demand for sending of 

passengers for a year from the airport Riga. In the further it is supposed, that each 

considered parameter is characterized to all resulted attributes. In the mathematical 

attitude, however, it is indifferent, what is meant under an analyzed parameter. In 

mathematical model the parameter acts, as the dependent variable abstracted from the 

economic maintenance.  

After the resulted classification of predicted parameters it is easy to classify and all 

possible problems of forecasting. Each such problem will be completely described if to 

characterize to the above-stated attributes all the parameters predicted in it. 

Final parameter of forecasting usually is the passenger turnover, a turnover of goods 

(both separate modes of transport, and total) and sending of passengers and cargoes. These 

parameters are predicted for such objects, as a direction, transport object, territorial 

transport association, and region. Forecasting is carried out for a year or for a month. 

Depending on time of establishment of the forecast distinguish short-term forecasting (for 
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day, week, etc. about one year), intermediate term (from a year up to five) and perspective 

or long-term (over five years). 

 

Individual and group models  

According to the given attribute, the models are classified depending on, whether they 

are based on individual or group model. Such classification has huge methodological 

value, but till now it still is insufficiently realized. The individual model of forecasting is 

based on consideration of each object separately. The group model is based on 

consideration of some set of all objects simultaneously. If the object by the nature is the 

only thing (as the ministry), then only individual model can be applied. For the same 

objects, as city or a direction (which in the further will be meant), both individual and 

group models can be applied. 

At use of individual model only those statistical data are taken into consideration, 

which are related to one object under consideration. On the basis of these data, applying, 

for example, methods of the regression theory deduce analytical dependences of volumes 

of transportations on such accompanying variables for considered object as number of 

year, a population of city (or cities) and so forth. Forecasting is carried out by extrapolation 

of this dependence for those values of accompanying variables which are expected in the 

future. 

The analytical dependence deduced on the basis of individual model, has rather limited 

application: it is fair only for one given object, forecasting after it is possible only in that 

case when and in the future the same tendency of growth of volumes of transportations 

which was in the past is expected and has found the reflection in the found dependence. 

Proceeding from it follows, that forecasting on the basis of individual model cannot be 

carried out, if in the future presence of such factors which did not act on the given object 

earlier is expected; in the past for the given object demand for transportations (and not 

satisfied demand cannot be estimated) was not satisfied; there are no statistical data on 

transportations for the given object (for example because there was no given transport 

object at all and its construction only is planned or transportations in the given direction 

were absent). Besides at use of individual model it is impossible to estimate, whether the 

reached level of transportations corresponds to a level of development of the given object. 

Really, the volume of transportations is historically formed under influence of many 

random factors and consequently can mismatch demand for transportations. 

From the listed lacks the group model of forecasting as statistical data for all 

considered group of objects are simultaneously considered is free. Analytical dependence 
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of volume of transportations on the accompanying variables, received on the basis of these 

data and methods of the regression theory, now will be fair for all group of objects. 

Presence of one such dependence for all objects leads to necessity of essential increase in 

number of accompanying variables that the specific features of each object influencing 

volume of sendings, have found the reflection in model. In particular, accompanying 

variables should reflect such factors, as a geographical position of object, presence of a 

competing mode of transport, value of city (cities), as administrative or industrial centre, 

seaport, etc. 

Ample opportunities of group model of forecasting are based that it establishes 

objectively essential dependence of a level of transportations on a level of development of 

object which is reflected by a set of values of accompanying variables for the given object. 

If the quantity of objects on the basis of which the analysis is made, is great, the revealed 

dependence will be close to true as deviations from it for the separate objects caused by 

specific features, casual or historical factors, will smooth out in a lump. 

Group model - dynamic as data fix development of various cities or transport objects at 

various stages. Therefore for the majority of cities and transport objects in these data there 

are such characteristics which they will get in the future. It allows to carry out, in 

particular, forecasts for those objects on which there are no statistical data about quantity 

of sendings, to consider influence of factors which did not act on object earlier. Thus, 

group models will find wide application at forecasting transportations. Convenience of 

using them consists still and that for reception of forecasts it is not necessary to have 

statistical data on sendings for considered object. It is especially convenient for carrying 

out of the approached calculations. 

Ample opportunities represent combinations of individual and group models. Let it is 

necessary to make the forecast of transportations for the given object, and it is known, that 

in the future presence of the factor which did not operate earlier (for example, input of 

direct aviacommunication) is expected. In the beginning on the basis of individual model 

the forecast without taking into account the given factor is made. Then on the basis of 

group model estimate change of volume of the transportations, caused by the given factor. 

Adding this size to the individual forecast, receive the final forecast. Advantages of such 

approach consists that it in the maximal degree considers specific features of considered 

object, allows to estimate influence on transportations of the factors which are not acted on 

object earlier. By virtue of it such approach yields the most exact results at forecasting till 

five years.  
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The mathematical tool for individual models of forecasting is statistical methods of the 

analysis of time numbers. For group models the mathematical device of the regression 

theory is used. 

4.2. The forecasting with traditional methods 

4.2.1. Classical estimators of the parameters 
According with the spoken above we call the parameter of interest “depending 

variable”. The model construction includes the development of analytical expression, 

which describes the dependence of the given variable from the unknown model’s 

parameters, independent (concomitant) variables and stochastic factors. The unknown 

model’s parameters are constants with unknown values, that are not changing during the 

given time period. Concomitant variables have the known values. Some observations are 

usually registered over the dependent variable. One observation from another formally 

differs with the values of concomitant variables. This is the description of the term. The 

parameters’ values do not change (but they are unknown), but concomitant variables’ 

values change but are known. 

Stochastic factors are connected with each observation. We can describe them formally 

as the random variable. It is supposed usually that it has normal distribution with zero 

mean value.  

As it is known, that linear regression model is one of the most popular statistical 

models [66], [52], [30]. It has the following form: 

ZXβY += , (4.1)

where X is the n× m matrix of independent variables, n is the number of observations, m is 

the number of independent variables, Y is the n× 1 vector of dependent variables, Z is the 

n× 1 vector whose components Z1, Z2, ... , Zn are independent, identically distributed 

random variables with mean zero and variance σ2, so Cov(Z) = σ2In, and β  is the m× 1 

vector of parameters of the regression model to be estimated.  

The classical least square estimator (LSE) of parameter β  is well known: 

( ) YXXXβ TT 1−
=

)
. (4.2)

It is proofed in mathematical statistics, that for the linear regression model the best 

most effective estimators are obtained by use of the least square method.  
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With this estimator (4.2) in hand we can predict the value of dependent variable Y for 

selected observation d, which is represented by the 1×m vector xd of the independent variables 

values by the following formula: 

βx ˆˆ ⋅= ddY . (4.3)

4.3. Mathematical model and suggested methods of its analysis. 

4.3.1. Resampling-estimators of the parameters 

Resampling methods were widely used to solve various kinds of problems for example 

in B. Efron and R. Tibshirani [31] or A. Andronov and Yu. Merkuryev [11], where they 

showed considerably good results. We would like to implement resampling approach to 

estimate disturbed regression model. 

In this work resampling-approach for parameters estimating is suggested instead of 

classical one [65], [15]. 

The estimator (4.2) can be successfully used if there are no nuisance observations in 

the sample, otherwise the quality of obtained estimator is not very good, it may be biased. 

To improve the quality of obtained estimator, we use resampling median approach instead 

of classical one. We investigate suggested method efficiency, taking the bias of the 

estimators as efficiency criterion.  

As it is supposed by intensive computer methods [37], [90], we use the given data a lot 

of times in various combinations. This procedure can give us estimators with less bias, 

because the observed sample contains all the available information about the underlying 

population, and the observed sample can be considered to be the general population. 

Hence, the distribution of any relevant test statistic can be simulated by using random 

samples from the “population” consisting of the original sample [16]. The application of 

the resampling procedure gives us the sequence of resampling estimators. Some their 

combinations can be used as the estimators of the regression model. As it was mentioned 

above, the classical approach gives bad, biased estimators of parameters in the case of 

disturbed model. We will give a formal definition of the disturbed model in the next 

subsection of this chapter.  

 

Resampling-procedure of the estimation of regression models unknown parameters 

It works as follows. Let X = ( )TT
n

TT xxx K21 ,  where ix  is the i-th row of matrix X, that 

corresponds to the i-th observation, k be an integer number, nkm <≤ , and  

N = {1, 2, ... , n} be the set of integer numbers 1, 2, ... , n. We produce a cycle of r steps. In 
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the current (for example the l-th) step we form resample by extraction (without 

replacement) k numbers from N: J(l, 1), J(l, 2), ... , J(l, k). So vector J(l) = (J(l, 1) J(l, 2) ... 

J(l, k)) defines the numbers of the observations (rows of X and elements of Y), that have 

been extracted in the l-th resample. Then we form the l-th resample: 

( )TT
klJ

T
lJ

T
lJl ),()2,()1,())(( xxxJX K= , ( ) .))(( ),()2,()1,(

T
klJlJlJ YYYl K=JY   

It allows us to calculate estimator *β  of the model parameter β  corresponding to (4.2): 

( ) ( )( ) ( )( )( ) ( )( ) ( )( )lllll TT JYJXJXJXJβ
1* )(

−
= . (4.4)

So, after r replications we have the sequence of estimators 

( ) ( ) ( ))(,)2(,)1( *** rJβJβJβ K . (4.5)

Then arithmetical mean of this sequence gives resampling-estimator of β : 

( ) ( )( )∑
=

=
r

l

l
r 1

*1 JβJβ
)

. (4.6)

In this work the robustness of the classical and the resampling-estimators in case of 

disturbed model are investigated, taking bias as obtained estimators’ efficiency criterion. 

Classical approach to estimator bias and the resampling-estimator bias are described and 

illustrated with numerical examples. 

4.3.2. Median estimators of parameters 

In some situations it is better to use other estimators instead of average ones (4.6), for 

example, the median of )(* iβ  [57]. This estimator is described in the following section. 

In general case we can describe the method of obtaining the expectation )(TE=Θ  of 

random variable T in the following way. Let T1, T2, … , Tr be a sample of the random 

variable T realizations. Well known unbiased estimator of Θ  is an average of the sample 

elements. Alternatively, we can use another estimator of Θ , for example, median of the 

sample elements Ti. We order the sample elements Ti in increasing order of magnitude T(1), 

T(2), … ,T(s+1) , ... , T(r), where r=2s+1 and take the middle value T(s+1) of this sequence as 

the median estimator of Θ . 

 

4.4. The definition of the disturbed model 

Let us consider the case when there nuisance observations among all the observations 

exist. Let us denote “true” observations by index t and nuisance, “false” ones by index f. 

Without the loss of generality we suppose the true observations to correspond to the first n 

- h rows of X, Y and Z: 
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where  

( )Thnt YYY −= K21Y ,  ( )Tnhnhnf YYY K21 +−+−=Y ,  ( )TT
hn

TT
t −= xxxX K21 , 

( )TT
n

T
hn

T
hnf xxxX K21 +−+−= ,           ( )Thnt ZZZ −= K21Z ,      ( )Tnhnhnf ZZZ K21 +−+−=Z , 

ttt ZβXY += ,             ffff ZβXY += , 

( ) ( ) ( ) ( ) ( ) 0ZZI0ZIZ0Z ===== − fthffhntt CovZCovECovE ,,,,, 22 σσ . (4.7)

Such model is said to be disturbed model. 

4.5. Another look at the resampling-approach in regression analysis 

Now we wish to consider some combinations of these estimators to get weighted 

estimators. 

For this we consider the k× n selection matrix )(vW nk×  [60]: 

( )TT
v

T
v

T
vnk k

eeevW K
21

)( =× ,  

 

where v = (v1 v2 ...  vk) is k× 1 vector with unrepeated components from N={1, 2, ..., n} 

without replacement and ej is the j-th row of the n× n identity matrix In. Note that 

( ) ( ) k
T

nknk IvWvW =×× , (4.8)

( ) ( ) )(vIvWvW nnnk
T

nk ××× = , (4.9)

where )(vI nn×  is the n× n diagonal matrix, which i-th diagonal element equals 1 if i∈ v 

and 0 - otherwise. 

Obviously 

( )( ) ( )( ) ( )( ) ( )( ) ,, YJWJYXJWJX llll ==   

( )( ) ( )( )( ) ( )( )YJIXXJIXJβ lll TT 1−
=*  (4.10)

Note ( )( )lJβ*  is unbiased estimator of β , as XβY =)(E . 

Now let F(v) be m× m matrix, that depends on k× 1 vector v. Then let’s consider the 

weighted estimator: 

( ) ( )( ) ( )( ) ( )( )∑∑
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, (4.11)
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where we suppose that ( ) ( ) ( )( )rJJJJ K21= J = (J(1)  J(2) ... J(r)) is the r× r matrix and 

( )( )∑
=

r

l

l
1

JF  is nonsingular matrix. 

( )Jβ
)

 is unbiased estimator of β too, as: 

( )( ) ( )( )( ) ( ) βJβJJβJβ === || EEEE
))

.  

In particular, if F(v) = Im then we have arithmetical mean 

( ) ( )( )∑
=

=
r

l

l
r 1

1 JβJβ *)
. (4.12)

If 

( )( ) ( )( )XJIXJF ll T= , (4.13)

then 

( ) ( )( ) ( )YJIXXJIXJβ Σ
1

Σ
TT −

=
)

. (4.14)

where ( ) ( )( ) ( )( ) ( )( )( )rJIJIJIJI K21Σ = . 

We see that any resampling procedure with the equal number of extractions of all n 

observations gives the classical least square estimator (4.2). In particular let L be the set of 

all n combinations without replacement v = (v1 v2 ...  vk) from N={1, 2, ..., n}. Obviously 

( )n
kL =|| , and concrete element i∈ N participates in the ( )1

1
−
−

n
k  combinations from L. 

Therefore 
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. (4.16)

Now in accordance to (4.15) and (4.16) for J = L: 

( ) ( ) βYXXXLβ
))

==
− TT 1 . (4.17)

Therefore if we use (4.14) as weight-matrix then from (4.15) and (4.17) for J=L we have 
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1
1

. (4.18)

This formula puts resampling estimators (4.6) in touch with LSE (4.2). Since the 

estimator (4.2) is the best unbiased linear estimator then formula (4.14) gives the best 

optimal weight-matrices for the linear combinations (4.12) of the resample-estimators. 
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4.6. Covariance matrix for the resampling-estimator of β 

The resampling-estimator (4.12) is unbiased estimator of β  So we are interested to 

consider its covariance matrix 

( )( ) ( )( ) ( )( )TECov βJββJβJβ −−=
)))

. (4.19)

At first let’s consider the conditional covariance matrix for given ( ) ( ) ( )( )rJJJJ K21= : 
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In particular, for r = 1 

( )( ) ( )( ) ( ) ( )( )( ) 12 1σ11 −
== XJIXJJβJJβ TCovCov |)(|* )

;  

for the optimal weight-matrix (11) 

( ) ( )( ) ( ) ( )( ) 1
Σ

2
Σ

1
Σ

2σ −−
= XJIXXJIXXJIXJJβ TTTCov |)(

)
.  

We see that any resampling-procedure with equal number of extractions of all 

observations has covariance matrix of classical least square estimator (4.2): 

( ) ( ) 12σ −
= XXJJβ TCov |)(

)
.  

To get unconditional covariance matrix of resampling-estimator (4.6) we use the 

unbiased property of the last estimator. Let Lr be the r-tuple Cartesian product of L, 

( )rn
k

rL =|| . Obviously 
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4.7. The bias of classical estimator for disturbed model 

Now from (4.2) we have 

( ) ( ) ( )ff
T
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T
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T
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T
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−1)
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Therefore 

( ) ( ) ( )ff
T
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. (4.21)
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If only one observation is false then let it be the last observation with the number n and 

corresponding to the row xn be denoted as x, so TT
n

T
f xx ==X  being vector column. Then 

for nonsingular matrix t
T
t XX  [52]: 
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−−− 111
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Therefore in the case of only one false observation, that has been presented by row x, 

for least square estimator (4.2) we have: 
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4.8. The bias of the resampling-estimator for disturbed model 

4.8.1. The case of one false observation 

At first we consider the case of one false observation that has the n-th index according 

to our agreement. Let Lt(k)-be the set of all k-combinations without replacement  

u = (u1 u2 ... uk) from the set N − {n} = {1, 2, ... , n − 1}. Obviously |Lt(k)| = ( )1−n
k . The 

event A  ”k-resample having no false observation” comes with probability: 
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Obviously 

( )( )( ) βJβ =AlE |* .  

If the resample contains false observation, then the rest k − 1 observations could be 

chosen with equal probability by ( )1
1
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n
k  ways, consequently 

( )( )( ) ( )( )∑
−∈

−

∪







−
−

=
)1(

*
1

* }{
1
1

|
kt

nE
k
n

AlE
Lu

uβJβ . 
 

Therefore, dropping the variable J(l) in the expression of ( )( )lJβ*  we have: 
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4.8.2. The case of various false observations 

Now we consider the case when the number of the false observations equals to h, 

knh −≤ , so observations with the numbers 1, 2, ... , n − h are true ones, but with numbers 

nhn ,,1K+−  are false observations. Let s(l) be the number of the false observations at the 

l-th step of the resampling-procedure, so: Jt(l) = (J(l, 1) J(l, 2) ... J(l, k - s(l))),    

Jf(l) = (J(l, k - s(l)+1) J(l, k - s(l)+ 2) ... J(l, k)), J=( Jt(l) Jf(l)). 

Further we will use the following notations: 

( )( ) ( ) ,))(,()2,()1,(
T

lsklJlJlJtt YYYl −= KJY  

( )( ) ( ) ,))(,()2,()1,(
TT

lsklJ
T

lJ
T

lJtt l −= xxxJX K  

( )( ) ( ) ,),()2)(,()1)(,(
T

klJlsklJlsklJff YYYl K+−+−=JY

( )( ) ( )TT
klJ

T
lsklJ

T
lsklJff l ),()2)(,()1)(,( xxxJX K+−+−= . 

Then instead of (4.21) and (4.22) we have for s(l)>0: 

( )( ) ( )( )( ) ( )( ) ( )( ) ( )( ) ( )( )( ) 1* |
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+= llllllE fff
T
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T
t JXJXJXJXJJβ
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T
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( )( ) ( )( )( ) ( )( ) ( )( )( )ffff
T
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−1 . 

(4.24)

Let Lt(s) be the set of all s-combinations without replacement from the set  

{1, 2, ..., n − h}, Lf (s) - the same one from {n − h + 1, n − h + 2, ..., n} and L(s) – from  

{1, 2, … , n}. Obviously 
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Each resample v ∈ L(k) may be represented in the form v = (vt vf ), where vt ∈ Lt(s), vf 

∈ Lf (k − s) for some s, k − h ≤  s ≤· n − h. The event A ”k-resample having no false 

observations” is formed by set Lt(k). Therefore 
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Now using (4.23) we are able to write 
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then we have the following expression for the expectation of the resample estimator (4.4): 
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(4.25)

Note that this expression gives the expectation of the resampling-estimator (4.6) too. 

4.9. Resampling median estimators of regression model 

Let us discuss the procedure of obtaining the resampling median estimator for the 

regression model. We can not use the just described median approach directly for the 

sequence (4.5), because its elements are vectors and it is not possible to order them 

naturally. That’s why we will employ this approach to the estimation of the predictors. We 

consider the situation, when we wish to get predictor of dependent variable for some 

existing or future time moment. Using each of the resample-estimators (4.4) we obtain the 

sequence of resample-estimators for predicted value of Y: )()( ** llY dd βx= , l=1,…,r, where 

xd – the row corresponding to the selected previous or future observation with number d. 

So we obtain the sequence of resample-estimators ))((,)),2(()),1(( *** rYYY ddd JJJ K for 

predicted value of Y. Then we order them in increasing order of magnitude: 

,,,,, *
)(

*
)1(

*
)2(

*
)1( rdsddd YYYY KK +  (4.26)

where r=2s+1 and the resample-estimator, that caused the middle value *
)1( +sdY  in the 

ordered sequence, will have the name resampling median estimator of regression 

parameters.  
Despite the fact that the average is the unbiased estimator of expectation, but the 

median estimator is biased, there are some advantages of the last one. Let’s consider some 
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aspects, including advantages and disadvantages of using median estimator of β  instead of 

the average estimator (4.6). The first aspect is that unbiasness as criterion has some 

disadvantages, so unbiased estimators may have “incorrect” sign, big variance, not robust 

results in case of “noisy” data (our case). The second one is that if we take 2* )( Θ−ΘE  as 

efficiency criterion, the biased estimator may be better. The last one is that, median 

estimators have the following advantage: they are median unbiased robust estimators, 

when we deflect from assumptions’ statistical hypothesis. 

 

4.10. Numerical effectiveness analysis of the considered approach 

4.10.1. The example of the forecasting some commodity consumption  

To illustrate the efficiency of the proposed approach, let us consider a numerical 

example. The data are taken from the book Draper and Smith 1986 [29, Vol2, p.351].  

 

The description of the object domain 

The demand of some transport service is influenced by many factors. Some research 

was made with the aim to determine the influence of urbanization level, education level 

and relative wages of nine geographical regions to the considered service consumption 

(Table 4.1).  

 

Table 4.1 

Some transport service consumption data 

Region 
number 

Relative 
urbanization level 
X1 

Education level X2 Relative wages 
X3 

Service 
consumption 
Y=X4 

1 42,2 11,2 31,9 167,1 
2 48,6 10,6 13,2 174,4 
3 42,6 10,6 28,7 160,8 
4 39,0 10,4 26,1 162,0 
5 34,7 9,3 30,1 140,8 
6 44,5 10,8 8,5 174,6 
7 39,1 10,7 24,3 163,7 
8 40,1 10,0 18,6 174,5 
9 45,9 12,0 20,4 185,7 

 

The model contains n=9 observations, and contains m=3 independent variables. The 

data are illustrated in the fig. 4.1, where 3 axes correspond to the independent variables x1, 

x2 and x3. The points at the histogram identify the observations. The observations with 
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numbers 2, 6 and 9 are the most possible candidates to be nuisance observations, because 

they are located too far from the center. But this distance from the center, comparing with 

others, is not so significant to call them nuisance observations.  

 
Fig. 4.1 The histogram of the observations 

 

4.10.2. Mahalonobis squared distances 

We calculated the Mahalonobis squared distances [56], that show the distance between 

each observation and the mean of the observations: 

,)()( 1 T
iiiD xxSxx −−= −  

where x1,..., xn is the sample of m-dimensional vectors (observations), corresponds to the 

rows of the matrix X, x  - the vector of means of each column of matrix X, S - the sample 

covariance matrix. Mahalonobis distance is superior to Euclidean distance, because it takes 

the distribution of the points correlation into account. For our example we obtained the 

following vector of Mahalonobis distances for all observations:  

D=(2.62 5.281 1.95 0.524 3.686 3.695 1.379 1.205 3.659). 

Analyzing it we can draw the conclusion that observations with the numbers 2, 6, 5 and 9 

are the most probable candidates to be outliners because of the big distance. 

4.10.3. The comparison of the classical and Resampling estimators 

A number of experiments were performed to compare the quality of classical and 

resampling- estimators of model parameters. It is clear that if we have no false 

observations in our data the classical estimators (4.2) will be the best in the class of linear 

unbiased estimators. Alternatively, if we have outliners in our model, than classical 
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approach estimators would be biased. Suppose that one of our observations be false. Let’s 

calculate the bias of the classical estimators (4.2) denoted by )ˆ()ˆ( βββ EBias −=  and the 

bias expectation of the resampling-estimators (4.6) denoted by )()( ** βββ EBias −= . Here 

in formulas (4.22) and (4.23) it is necessary to know the parameter difference β  − fβ , 

which is unknown. Let’s consider difference β  − fβ   = β̂  0.1. 

We will check all possible variants, supposing by turn each observation as false one. 

Corresponding numerical results are given in Table 1. Here the first column denotes the 

index of false observation, the second column denotes the parameter to be estimated, the 

third column contains the bias of the classical estimator (4.2). The next four columns 

contain the bias )( *βBias  of the resampling-estimator (4.6). Each column corresponds to 

resample sizes k=3, 5, 6, 7.  

The table 4.2 shows that the resampling-approach gives better results, if the 

observation 2 and 6 are “false”. Note, that these observations have the biggest 

Mahalonobis distance. It allows us to perform the following practical recommendations. 

Before the starting of regression analysis we should to calculate the Mahalanobis distances 

of all given observations and determine the ones which have the biggest distance. If the last 

observations may be false, then we would use resampling-approach for regression model 

estimation. 

Table 4.2  

Comparison of the bias of the classical and the resampling-estimators of regression 
parameters 

*βBias  *βBias  
i β  β̂Bias

 k=3 k=5 k=6 k=7 
i β  β̂Bias

 k=3 k=5 k=6 k=7 

1 β1 0,018 0,268 0,033 0,020 0,015 6 β1 -0,541 0,063 -0,122 -0,266 -0,266 

 β2 -0,433 -1,500 -0,563 -0,477 -0,436  β2 3,527 0,678 1,646 2,311 2,311 

 β3 0,263 0,328 0,294 0,278 0,268  β3 -0,576 -0,364 -0,465 -0,510 -0,510 

2 β1 1,895 0,989 1,403 0,020 0,015 7 β1 -0,978 -1,773 -1,395 -1,240 -1,099 

 β2 -7,615 -3,900 -5,586 -0,477 -0,436  β2 4,386 7,636 6,125 5,477 4,886 

 β3 0,158 0,055 0,097 0,278 0,268  β3 -0,172 -0,278 -0,235 -0,210 -0,188 

3 β1 0,879 1,561 1,310 1,170 1,027 8 β1 0,056 0,981 0,421 0,259 0,139 

 β2 -4,126 -6,844 -5,873 -5,310 -4,729  β2 0,046 -3,401 -1,296 -0,706 -0,262 

 β3 0,397 0,420 0,432 0,425 0,413  β3 -0,053 -0,058 -0,065 -0,057 -0,054 

4 β1 -0,350 -1,138 -0,538 -0,452 -0,394 9 β1 -1,067 -1,111 -1,224 -1,168 -1,116 

 β2 1,455 4,757 2,233 1,874 1,635  β2 5,286 5,681 6,013 5,751 5,510 

 β3 0,042 -0,039 0,026 0,034 0,039  β3 -0,410 -0,521 -0,467 -0,444 -0,426 

5 β1 0,171 0,243 0,194 0,178 0,171        

 β2 -1,190 -1,771 -1,363 -1,258 -1,204        

 β3 0,307 0,414 0,339 0,322 0,312        
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4.10.4. Resampling-median estimators 

Taking the same data we performed another series of experiments.  

Analyzing those distances we can come to the same conclusion, that observations with 

numbers 2, 6, 5 and 9 are the most probable candidates to be nuisance observations, 

because of the big distance.  

Table 4.3  

The bias of the resampling median estimators for the example 
The bias of resampling median estimators of predictors Param. 

title 
The bias of 

LSE k=3 k=4 k=5 k=6 k=7 k=8 

Y1 0.115 0.617 0.43 0.332 0.139 0.034 0.333 
Y2 5.793 7.57 7.441 5.802 4.85 5.037 5.631 
Y3 1.957 5.131 3.165 2.301 1.702 1.682 1.967 
Y4 0.497 2.571 0.108 0.243 0.545 0.739 0.772 
Y5 0.129 1.012 0.636 0.282 0.024 0.042 0.066 
Y6 1.481 4.385 3.53 1.242 0.523 0.517 1.246 
Y7 1.519 0.416 0,681 0.959 1.204 1.572 1.935 
Y8 1.199 1.557 1.523 0.111 0.073 0.539 0.749 
Y9 0.499 2.857 0.956 0.261 0.493 0.543 0.778 
 

For considering model with one false observation we take the observation number 2, 

because it is the most possible candidate in accordance with its distance from the center. 

We want to obtain the predicted value for selected future or past observation. Then 

according to the resampling approach described in the section 2 we calculate the predicted 

value for each resample. The next procedure is obtaining the resampling median estimator 

of predicted value according to above description of the section 3. These results we 

compare consequently with the results of another method taking the bias as the efficiency 

criterion.  

To investigate the resample size k influence on the estimators properties we vary it 

nkm <≤ . Note that in our example the number of resamples r for obtaining each 

resampling estimator is equal to all possible combinations k from n. In general case the 

number of resamples is considerably smaller than all possible combinations.  

We obtained the resampling median estimators of the predicted values of dependent 

variable for all existing observations and compare the results with classical estimators, and 

clean estimators, calculated without false observation. The last means that we removed the 

false observation from our model and use classical LSE estimator (4.2) for our purposes. 

The results are presented in the Table 4.3. The first column contains the names of 

parameters of interest the predictors for all observations. The second column contains the 

bias - the difference between the classical estimator and the clean estimator for all 

observations. In the next columns we can see the results of implementing resampling 
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median estimators approach for different resample sizes k. It contains the bias – the 

difference between the resampling median estimator and clean estimators for all 

observations. Analyzing the obtained results we can conclude that for all observations 

there are the resampling estimators with the smaller value of bias, than the classical one, 

choosing the right resample size. Especially good results were obtained for the resample 

size equal to 6. For example, for the 7-th observation classical approach gives the bias 

1.519, but the resampling median estimators are in the interval of (0.416-1.572) depending 

on the resample size.  

 

4.11. The example of regression model for the forecasting the passengers 

transportations by air. 

 
Model 1 

Let’s consider the example of the regression model for the forecasting the passengers 

transportation by air transport [33], [21], [58]. The forecasting is based on the following 

factors for each country during a given year: 

 x1-the square (km2); 

 x2 –population (persons); 

 x3- gross domestic product (EUR);  

 x4 – the average month salary of the workers (EUR). 

The corresponding regression model will have the following way: 

y=β0+β1x1+β2x2+β3x3+β4x4+ε, 

where 

y is a number of transported by given country during given year, 

ε is a random component, that has normal distribution with mean equals 0 and constant 

variance. 

The initial data for the forecasting were obtained from the official Web-site of the 

Statistical data of European Union [33]. The data are presented in the table 4.4. The first 

part of the data from table 4.4. was used for model building, the second part was used for 

model validation.  
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Table 4.4  

Initial data  

Nr. Year 
Country 
name x1 x2 x3 x4 y 

1 1996 Belgium 30510 295477,1 212421,5 10143047 13354554
2 1996 Denmark 43094 191011,4 145323,9 5251027 15698999
3 1996 Germany 357021 2884394 1921661 81817499 94125099
4 1996 Greece 131940 127197,4 97972,9 10673696 17709200
5 1996 Spain 504782 631822,3 480535,4 39383051 57052551
6 1996 France 547030 1407380 1240363 57935959 48976296
7 1996 Italy 301230 1019038 971065 56846300 48830879
8 1996 Netherlands 41532 435998 324479,1 15493889 28045687
9 1996 Switzerland 41290 297989 238531,6 7062354 23382021

10 1997 Belgium 30510 293929,7 216110,4 10170226 15923010
11 1997 Denmark 43094 191144,5 150414,1 5275121 16614473
12 1997 Germany 357021 2878053 1907246 82012162 100544839
13 1997 Greece 131940 135434,2 107103 10744649 18611962
14 1997 Spain 504782 639063 495627,4 39467825 62173233
15 1997 France 547030 1441161 1258311 58116018 78661284
16 1997 Italy 301230 1082236 1029991 56879278 53430649
17 1997 Luxembourg 2586 13589,31 15417,1 416850 1423244
18 1997 Netherlands 41532 436828,6 332653,9 15567107 31835054
19 1998 Belgium 30510 301854,1 223674,1 82057379 105191231
20 1998 Germany 357021 2956774 1952107 39570869 68767908
21 1998 Greece 131940 142773 108977,3 58298962 84620225
22 1998 Spain 504782 654027,3 525454,2 56908265 35052000
23 1998 France 547030 1487731 1316172 422050 1486850
24 1998 Italy 301230 1100594 1068947 15654192 34856442
25 1998 Luxembourg 2586 14069,88 16889,9 5147349 9983000
26 1998 Netherlands 41532 456930,2 351648,1 59391145 125281000
27 1998 Finland 337030 128395,5 120965 4445329 14088000
28 1998 UK 244820 1916517 1272142 10213752 20002289
29 1998 Norway 324220 149989 133729,2 82037011 112203033
30 1999 Belgium 30510 313572,4 235683 10861402 27628000
31 1999 Germany 357021 3024048 2012000 39724433 101326370
32 1999 Greece 131940 151252,6 117849,5 58496613 90725394
33 1999 Spain 504782 676824,9 565419 56913634 60192000
34 1999 France 547030 1517812 1366466 427350 1574031
35 1999 Italy 301230 1121517 1107994 15760225 37452305
36 1999 Luxembourg 2586 14727,34 18739,1 5159646 9796000
37 1999 Netherlands 41532 479520,6 374070 59391145 133272000
38 1999 Finland 337030 132804,1 120965 4445329 17975164
39 1999 UK 244820 1916517 1374500 10143047 13354554
40 1999 Norway 324220 149989 148373 5251027 15698999
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Initial data (continuation of the table 4.4) 

Nr. Year 
Country 
name x1 x2 x3 x4 y 

41 2003 Belgium 30510 358757,5 269546 10355844 15087000 
42 2003 Denmark 43094 240599,7 188650,9 5383507 19575000 
43 2003 Germany 357021 3332418 2163400 82536680 121136000 
44 2003 Greece 131940 184230,2 154153,1 11006377 28237000 
45 2003 Spain 504782 798602,2 780557 41550584 120248000 
46 2003 Luxembourg 2586 17746,85 23955,9 448300 1449000 
47 2003 Netherlands 41532 592648,1 476349 16192572 41168000 
48 2003 Finland 337030 161374,3 143807 5206295 10516000 
49 2003 Sweden 449964 287691,3 267250,5 8940788 20441000 
50 2000 Germany 357021 3060836 2062500 82163475 120798329 
51 2000 France 547030 1558075 1441372 58748743 96365212 
52 2000 Luxembourg 2586 15555,4 21278,5 433600 1655551 
53 2000 Sweden 449964 280205,4 259907 8861426 24332654 
54 2000 Norway 324220 162128,3 181078,9 4478497 20069380 
55 2000 Switzerland 41290 312964,4 266723,7 7164444 32895246 
56 2001 Denmark 43094 222854,6 177527,3 5349212 19794352 
57 2001 Germany 357021 3142643 2113560 82259540 118289264 
58 2001 France 547030 1612986 1497184 59042661 94390132 
59 2001 Italy 301230 1172567 1218535 56967735 65937209 
60 2001 Luxembourg 2586 16570,06 22019,8 439000 1618723 
61 2001 Sweden 449964 270632,9 245178,2 8882792 24111191 
62 2001 Norway 324220 173849,7 189631,9 4503436 19995775 

 
The first model for the transportations forecasting was based on the following factors: 

x1, x2, x3, x4. The obtained results are presented in the tables 4.6 – 4.7. The table 4.5. 

contains the classical and resampling estimators of the regression model parameters.  

For the correctness of the classical model the following criteria were used: 

 Fisher’s criterion for the testing of the hypothetic about the nonsignificance of the 

regression with the significance level α=5%; 

 Student’s criterion for the testing of the hypothesis about the nonsignificance of the 

k-th accompanying variables with the significance level α=5%; 

 the multiple determinacy coefficient R2. 

The theoretical value of the Fisher’s criterion’s for the experiment data (with degrees of 

freedom 4 and 33) is 2.658867. Obviously, that the experimental value of this criterion 

equal to 45.536, exceeds the theoretical noticeably. We can draw to the conclusion, that we 

can not except the hypothesis about the nonsignificance of the regression with the 

significance level α=5%.The significance of the variables after Student criterion is showed 

in the table 4.5.The most significant variables were x2, x3 и x4 (t-criterion, p-value). 
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Table 4.5  

Classical and resampling estimators of the model 1 parameters 
Parameters’ 
estimators 

β0 β1 β2 β3 β4 

Classical 0.061 0.169 0.742 1.132 -1.153 
t-criterion 1.95424 1.92782 2.33191 2.96592 -2.15459 
p-value .059190 .062520 .025957 .005573 .038589 
Resampling 
m=16, r=20000 

0.061 0.134 0.803 1.284 -1.276 

Table 4.6  

The transportation forecasts results (model data for model 1) 
 Country name Year The number of the transported passengers in millions of persons 

 

  

Real value Classical 
estimator 

Resampling 
estimator 
m=15 

Advantage 

1 Belgium 1996 13.35 18.93 19.84 C 
2 Denmark 1996 15.70 13.79 14.00 R 
3 Germany 1996 94.13 111.4 119.7 C 
4 Greece 1996 17.71 23.77 23.75 R 
5 Spain 1996 57.05 66.88 66.88 R 
6 France 1996 48.98 71.36 71.82 C 
7 Italy 1996 48.83 61.74 63.65 C 
8 Netherlands 1996 28.05 23.96 25.31 R 
9 Switzerland 1996 23.38 14.10 14.45 R 

10 Belgium 1997 15.92 18.62 19.50 C 
11 Denmark 1997 16.61 1.3.46 13.63 R 
12 Germany 1997 100.5 112.4 120.8 C 
13 Greece 1997 18.61 23.58 23.55 R 
14 Spain 1997 62.17 66.24 66.17 R 
15 France 1997 78.66 71.86 72.42 R 
16 Italy 1997 53.43 60.51 62.37 C 
17 Luxembourg 1997 1.423 7.754 7.708 R 
18 Netherlands 1997 31.84 23.49 24.80 R 
19 Belgium 1998 18.48 18.47 19.34 C 
20 Germany 1998 105.2 112.9 121.4 C 
21 Greece 1998 24.11 23.86 23.87 R 
22 Spain 1998 68.77 64.91 64.72 C 
23 France 1998 84.62 70.10 70.52 R 
24 Italy 1998 35.05 58.61 60.29 C 
25 Luxembourg 1998 1.487 7.677 7.623 R 
26 Netherlands 1998 34.86 23.17 24.46 R 
27 Finland 1998 9.983 23.84 21.53 R 
28 UK 1998 125.3 82.94 88.87 R 
29 Norway 1998 14.09 22.64 20.41 R 
30 Belgium 1999 20.00 18.19 19.04 R 
31 Germany 1999 112.2 111.8 120.2 C 
32 Greece 1999 27.63 23.68 23.68 C 
33 Spain 1999 101.3 63.29 62.95 C 
34 France 1999 90.73 68.12 68.37 R 
35 Italy 1999 60.19 56.80 58.31 R 
36 Luxembourg 1999 1.574 7.581 7.518 R 
37 Netherlands 1999 37.45 22.74 24.01 R 
38 Finland 1999 9.796 24.06 21.78 R 

    14 24 14/24 
The tables 4.6 and 4.7. contains the results of the forecasting.  
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Table 4.7  

The transportation forecasts results (validation data for model 1) 
 Country name Year The number of the transported passengers in millions of persons 

 

  

The real value after 
normalization 

Classical 
estimator 

Resampling 
estimator 
m=15 

Advantage 

39 UK 1999 133.3 75.59 80.74 R 
40 Norway 1999 17.98 21.59 19.24 R 
41 Belgium 2003 15.09 18.03 18.93 C 
42 Denmark 2003 19.58 13.16 13.36 R 
43 Germany 2003 121.1 115.9 125.2 R 
44 Greece 2003 28.24 22.79 22.73 C 
45 Spain 2003 120.2 55.62 54.57 C 
46 Luxembourg 2003 1.449 7.372 7.290 R 
47 Netherlands 2003 41.17 21.20 22.44 R 
48 Finland 2003 10.52 23.81 21.54 R 
49 Sweden 2003 20.44 29.47 26.51 R 
50 Germany 2000 120.8 110.0 118.3 R 
51 France 2000 96.37 64.92 64.87 C 
52 Luxembourg 2000 1.656 7.444 7.368 R 
53 Sweden 2000 24.33 29.55 26.59 R 
54 Norway 2000 20.07 19.85 17.33 C 
55 Switzerland 2000 32.90 12.89 13.14 R 
56 Denmark 2001 19.79 13.08 13.26 R 
57 Germany 2001 118.3 110.3 118.8 R 
58 France 2001 94.39 63.82 63.72 C 
59 Italy 2001 65.94 51.32 52.31 R 
60 Luxembourg 2001 1.619 7.445 7.370 R 
61 Sweden 2001 24.11 30.18 27.28 R 
62 Norway 2001 20.00 19.82 17.31 C 

    7 17 7/17 
 

The multiple determinacy coefficient characterizes the regression changeability un 

shows which changeability part of dependent variable is described in the model. For our 

model the R2 is equal to 0.85. Here m is the size of resampling sample, r is the number of 

the realization.  

 

Model 2 

To improve the model we decided to transform the initial data. Now the forecasting 

model uses the following combinations of factors: x1/x2, x3/x2, x4/x2, y/x2, x1*x4/x2, 1x , 

)*/( 123 xxx , )*/( 123 xxx . 

We forecast now the individual population mobility (the portion of transported 

passengers in respect of common population of the country): y/x2 [88]. The results of 

transformation and normalization are presented in the Application (table 1).  

The regression model now will be written as follows:  

y/x2=β0+β1 x4+β2(x1/x2)+β3(x3/x2)+β4 )*/( 123 xxx +β5 )*/( 123 xxx +ε. 
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The parameters estimators of the regression model 2 using classical and resampling 

approaches are presented in the table 4.8.  

The theoretical value of the Fisher’s criterion’s for the experiment data (with degrees of 

freedom 5 and 32) is 2.512255. Obviously, that the experimental value of this criterion 

equal to 58.618,, exceeds the theoretical noticeably. We can draw to the conclusion, that 

we can not except the hypothesis about the nonsignificance of the regression with the 

significance level α=5%. The significance of the variables after Student criterion is showed 

in the table 4.10.The most significant variables are with parameters (in increasing order of 

significance): β1, β3, β5, β4, β2, β0. (t-criterion, p-value). The multiple determinacy 

coefficient for our model is R2=0.90. 

The Application’s tables 2-3 contain the real prediction values and the estimated values 

using classical and resampling approach.  

Table 4.8  

Classical and resampling estimators of the model 2 parameters 

Parameters’ 
estimators 

β0 β1 β2 β3 β4 β5 

Classical 0.26 -1.772 -1.017 3.01 -8.588 6.954 
t-criterion 5.81 -9.34 -6.47 8.60 -7.43 7.71 
p-value .0000018

759 
.00000000
01 

.00000028
15 

.00000000
08 

.00000001
86 

.00000000
86 

Resampling 
m=16, 
r=20000 

0.266 -1.75 -1.028 2.906 -7.689 4.655 

 
Model 3 

To improve the model it was decided to exclude the country Luxembourg, because it is 

untypical country with very small square. This country disturbed the homogeneity of the 

data. We forecast now the individual population mobility (the portion of transported 

passengers in respect of common population of the country): y/x2 [88]. 

The regression model of interest is the following: 

y/x2=β0+β1 x3+β2 x4+β3(x1/x2)+β4(x3/x2)+β5(x4/x2) 

+β6 1x +β7 )*/( 123 xxx +β8 )*/( 123 xxx +ε. 

The theoretical value of the Fisher’s criterion for the experiment data (with degrees of 

freedom 8 and 27) is 2.305313. Obviously, that the experimental value of this criterion 

equal to 36.319, exceeds the theoretical noticeably. We can draw to the conclusion, that we 

can not except the hypothesis about the nonsignificance of the regression with the 

significance level α=5%. 
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The most significant variables are with parameters (in increasing order of significance): 

β7, β3 ,β8, β2 (t-criterion, p-value). 

The multiple determinacy coefficient for our model is R2=0.92. 

The parameters estimators of the regression model 2 using classical and resampling 

approaches are presented in the table 4.9.  

The Application’s tables 4-5 contain the real prediction values and the estimated values 

using classical and resampling approach.  

Table 4.9  

Classical and resampling estimators of the model 3 parameters 

Parameters’ 
estimators 

β0 β1 β2 β3 β4 β5 β6 β7 β8 

Classical 0.514 2.444 -4.14 -1.58 1.336 2.69 -0.37 -4.63 1.442 
t-criterion 4.62 1.33 -3.60 -5.62 1.90 1.82 -1.65 -5.73 4.75 
Resampling  
m=1, r=2000 

0.565 3.185 -4.96 -1.84 1.01 3.458 -0,43 -5.38 1.793 

  

4.12. Conclusions 

The resampling-approach to the linear regression model estimation has been considered 

in the case where the false observations exist among all the observations. The bias of 

parameters estimators has been calculated for classical and resampling-approach. The 

conditions under which the resampling-approach gives smaller value of bias have been 

discussed.  

The application of the resampling-median approach to the regression model with 

nuisance observations leads to obtaining good results. The analysis of the numerical results 

shows that the considered resampling-median approach gives the better estimators than the 

classical methods, if we take the bias of expectation E(Yd) as the estimators’ efficiency 

criterion. 

The application of resampling approach was illustrated for the forecasting of logistic 

process of the passengers’ transportation process by air transport. 

 



 84

5. On some problem of the estimation of reliability and 
efficiency of carries 

5.1. The problem formulation 

Problem description 

Reliability is the probability of the fact that the device performs its functions according 

to the made demand, during determined time interval. As it is known this characteristic is 

of great importance especially in transport technique. The problems, connected with 

reliability of transport facilities can be very essential. Problems connected with the 

reliability of the delivery of goods in logistic chains may cause big financial lacks. That all 

requires the attracting of mathematical apparatus of the estimation and forecasting to make 

the right decisions in business. 

The limited number of initial statistical data is very typical for such problem, for 

example the data about coming of order of some device. It is difficult to implement 

traditional methods of parameters estimation in this situation. It requires the attraction of 

the new intensive computer methods of statistics to overcome those problems.  

Let’s consider some typical problem reliability theory. The following failure model and 

its modifications have been considered by Andronov and Gertsbakh in 1972 [19], 

Andronov in 1994 [20], Gertsbakh 2000 [38]. The model supposes two types of failures – 

initial and terminal failures. The initial failures (or the damages) appear according to 

homogeneous Poisson process with the rate λ. Each initial failure degenerates into a 

terminal failure after a random time B. So if an initial failure appears at time iτ  then the 

terminal failure appears at the instant iiB τ+ . The terminal failure and the corresponding 

initial failure are eliminated instantly. We assume that { iB } are mutually independent 

identical distributed random variables, independent on { iτ }. Let F(x) be the distribution 

function of B. We take interest in the number of initial failures X(t) at time t (which did not 

degenerate to the terminal failures) and the number of terminal failures Y(t) that have been 

occurred till time t. Let )()( tEXt =Λ  and )()(~ tEYt =Λ  be the corresponding 

expectations, })({)( itXPtPi == , })({)( itYPtRi ==  be the corresponding  probability 

distributions, i = 0, 1, … .  

It is well known that X(t) and Y(t) are mutually independent random variables, by that: 

( )∫ −=Λ
t

dxxFt
0

)(1)( λ ,  (5.1)
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∫=Λ
t

dxxFt
0

)()(~ λ , (5.2)

( ))(exp))((
!
1)( tt
i

tP i
i Λ−Λ= , i = 0, 1,… (5.3)

The probability )(tRi  is calculated analogously by formula (5.3) where )(tΛ is replaced 

by ).(~ tΛ  

In fact the rate λ and the distribution function F(x) are unknown. We need to estimate 

)(tΛ , )(~ tΛ , )(tRi and )(tPi  using the sample of the intervals between initial failures 

appearances kAAA ,...,, 21  and the sample lBBB ,...,, 21 .  

We consider two methods of the estimation. Firstly we consider the plug-in estimator. 

The last uses estimators λ̂  and )(ˆ tF  instead of the unknown λ and F(t). Here )(ˆ tF  is  

the empirical distribution function of B that has been calculated on the base of 

lBBB ,...,, 21 , λ̂  is the point estimator of the rate λ: 

1

1

1ˆ
−

=









= ∑

k

i
iA

k
λ . (5.4)

Secondly we consider the resampling-estimator [15], [37]. This approach uses the usual 

simulation technique with one distinguishing feature: we do not generate necessary random 

variables but extract them directly from the given samples at random. We produce series of 

independent realizations (runs) of the considered process. Each realization q contains the 

consecutive choice (without replacement) of ,..., )()( 21 qiqi AA  and forming of initial failures 

appearances moments ,)( )(1 1 qiAq =τ  )(1 1
)()( qinn n

Aqq
+

+=+ ττ , n = 1, 2, … till tqn <)(τ . 

Then we extract values K,, )()( 21 qjqj BB , calculate terminate failure moments ,)( )(1 1 qjBq +τ  

,...)( )(2 2 qjBq +τ  and remember numbers of the initial and terminal failures. Further all 

extracted values are returned into the initial samples and the described procedure is 

reiterated. Finally we accept the averages of the initial and terminal failures numbers as 

estimators of )(tΛ and )(~ tΛ , the frequency of the initial and terminal failures as estimators 

of { )(tPi } or { )(tRi }. 

This chapter contains the investigation of the expectations and the variances of 

considered estimators. It is shown that the resampling-estimators have some advantages for 

the small sample sizes k and l. 
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In the part 5.2 the plug-in estimator’s properties are presented. In the part 5.3 the 

resampling-approach is considered. The part 5.4 is devoted to the variance calculation for 

the resampling-estimators. Some numerical examples illustrate efficiency of suggested 

method (The part 5.5). In the part 5.6 the conclusion remarks are given.  

 

5.2. Investigation of the Plug-in Estimators Properties 

The traditional plug-in approach supposes a calculation of the empirical rate λ̂  and 

empirical distribution function )(ˆ tF and their use in the formulas instead of λ and F(t). In 

this case we have the following estimators of )(tΛ , )(~ tΛ , )(tRi and )(tPi : 

( )∫ −=Λ
t

dxxFt
0

)(ˆ1ˆ)(ˆ λ , (5.5)

( ))(ˆexp)(ˆ
!
1)(ˆ tt
i

tP i
i Λ−Λ= ,  i = 0, 1, … . (5.6)

The estimators of )(~ tΛ and )(tRi are calculated analogously. 

In order to investigate the statistical properties of these estimators, it is necessary to 

know the distributions of random variables λ̂  and ∫ −
t

duuF
0

))(ˆ1(  (or ∫
t

duuF
0

)(ˆ ). Let us 

note that kτ is a sum of independent exponentially distributed random 

variables kAAA ,...,, 21  and has Erlang distribution with parameters λ and k, therefore the 

distribution function )(ˆ xG
λ

and density function )(ˆ xg
λ

 of λ̂  have the following forms: 

,exp
!
1}ˆ{)(

1

01
ˆ 






 −







=









≥=≤= ∑∑
−

== x
k

ix
k

x
kAPxPxG

ik

i

k

i
i

λλλλ  

( )

.exp
)!1(

11
!

exp1

)!1(
1

!1
11exp

)!1(
1

!
11exp

1
!
1exp

!
11)(1exp)()(

1

11

1

1

11

0

1

0

1

0
22

1
'
ˆˆ







−








−
=













−=

=















⋅

−
−






⋅

−
×






−=

=















⋅

−
−






⋅×






−=

=












−⋅






 −






−=

=















−−






+






−






×






−==

∑∑

∑∑

∑

∑

−

==

−

=

+−

=

−

=

−

=

−

x
k

x
k

kxk
k

x
k

x
k

x

x
k

ix
k

jxx
k

x
k

ix
k

ixx
k

x
k

xix
ki

x
k

ix
k

x
k

xx
kki

x
kxGxg

kk

ik

i

jk

j

ik

i

ik

i

ik

i

k

i

ii

λλλλ

λλλ

λλλ

λλλ

λλλλλ
λλ

 (5.7)
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Now we need to find the distribution function of ∫ −
t

duuF
0

))(ˆ1(  and ∫
t

duuF
0

)(ˆ . 

Let us represent the empirical distribution function )(ˆ tF  in the form: 

∑
=

=
l

i
i t

l
tF

1

),(1)(ˆ χ  (5.8)





>
≤

=
.0
,1

)(where
tBif
tBif

t
i

i
iχ  

Then ∫ ∑∫
=

−=−
t l

i

t

i duu
l

duuF
0 1 0

.))(1(1))(ˆ1( χ   

The distribution function )(xH  of ∫ −
t

i duu
0

))(1( χ  is calculated by formula: 





>
≤

=








≤−= ∫ .1
,)(

))(1()(
0 txif

txifxF
xduuPxH

t

iχ  (5.9)

Let )(xH l  is l-th fold convolution of H(x) with itself. Then  

)())(ˆ1( )(

0

lxHxduuFP l
t

=








≤−∫ . 

Now we are able to calculate the distribution function Ψ(x) of the estimator: 

{ } ∫
∞









=≤Λ=Ψ

0
ˆ

)( .)()(ˆ)( dyyg
y
lxHxtPx l

λ
 (5.10)

Then the expectations of the plug-in estimators )(ˆ tΛ  and )(ˆ tP  have the following 

forms: 

∫
∞

Ψ−=Λ
0

))(1()(ˆ dxxtE , (5.11)

∫
∞

Ψ−=
0

).()exp(
!

1)(ˆ xdxx
i

tPE i
i  (5.12)

So the second moment, the variance and the mean squared error of the estimator )(ˆ * tΛ  

are: 

( )∫
∞

Ψ−=Λ
0

2 ,)(12)(ˆ dxxxtE  (5.13)

( )22 )(ˆ)(ˆ)(ˆ tEtEtVar Λ−Λ=Λ , (5.14)
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( ) .)()(ˆ)(ˆ)(ˆ 2
ttEtVartMSE Λ−Λ+Λ=Λ  

The second moment and the variance of the estimator )(tPi  have the following form: 

∫
∞

Ψ







−=

0

2
2 ).()exp(

!
)(ˆ xdx

i
xtPE

i

i  (5.15)

( )22 )(ˆ)(ˆ)(ˆ tPEtPEtPVar iii −= . (5.16)

The analogous results for the estimators of )(~ tΛ and )(tRi  can be found by formulas 

(5.9) - (5.16), replacing )(ˆ tΛ  with )(~̂ tΛ  and the distribution function H(x) of 

∫ −
t

i duu
0

))(1( χ in formula (5.9) by the following one: 





>
≤−−

=








≤= ∫ .1
,),(1

)()(~

0 txif
txifxtF

xduuPxH
t

iχ  (5.17)

5.3. Resampling approach contents 

The resampling-approach supposes the ordinary simulation procedure with the only 

difference, that it does not use a generator of random numbers, but it extracts necessary 

random variable directly from the given sample populations }...,,,{ 21 kAAA  and 

}...,,,{ 21 lBBB at random. Let k ≤ l. 

We produce r independent realizations of simulated process. On the q-th realization we 

extract elements from }...,,,{ 21 kAAA  without replacement, form sequence 

}...,,,{)( )()()( 21 qiqiqi tN
AAAqA = and calculate ∑

=

=
i

u
qii u

Aq
1

)()(τ , i = 1,2, …, )(qNt , where 

)(qNt  is a number of initial failures till the time t for the q-th realization: 



 ≥≤

=
.

,)(})(:max{
)(

otherwisek

tqiftqj
qN kj

t

ττ
 (5.18)

The sequence A(q) corresponds to the time intervals between the initial failures 

appearances for the q-th realization. Analogously we produce the sequence 

}...,,,{)(
)()()( 21 qjqjqj

tN
BBBqB =  of intervals of initial failure degeneration to terminal 

failure. Then we calculate the sequence })(...,,)(,)({ )()(2)(1 21 qjNqjqj tNt
BqBqBq +++ τττ of 

terminal failures times for the q-th realization. 
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Let )(tjζ  be the indicator function of the event: “The j-th initial failure occurred, but 

didn’t degenerated into terminal failure till the time moment t ”: 





 +<≤

=
.0

,)()(1
)( )(

, otherwise

Bqtqif
t qjjj

qj
j

ττ
ζ  (5.19)

Let )(, tqjζ be the indicator function of the negation of the above event: “The j-th initial 

failure occurred and degenerated into terminal failure till the time moment t”: 





 ≤+

=
.0

,)(1
)( )(

, otherwise

tBqif
t qjj

qj
j

τ
ζ  (5.20)

Then the number of initial failures )(tqΧ  which didn’t degenerate into terminal failures 

till time t for the q-th realization is calculated as: 

∑∑
==

==Χ
k

j
qj

qN

j
qjq ttt

t

1
,

)(

1
, )()()( ζζ . (5.21)

The resampling-estimator of )(tΛ  is the following: 

∑
=

=Λ
r

q
q tX

r
t

1

* )(1)( . (5.22)

Analogously the number of initial failures which had been degenerated into terminal 

failures till time t for the q-th realization )(tYq  is calculated by formula (5.21) replacing 

function )(, tqjζ  by )(, tqjζ . The resampling-estimator )(~* tΛ  is: 

∑
=

=Λ
r

q
q tY

r
t

1

* )(1)(~  (5.23) 

Now we need to calculate the resampling-estimators of the probabilities )(tPi and 

)(tRi . Let ))(( tΧiΦ  be the indicator function of the event {X(t)=i} and ))(( tYiΦ  be the 

indicator function of the event {Y(t)=i}. The resampling-estimators of 

probabilities )(tPi and )(tRi  can be determined by this way: 

∑
=

ΧΦ=
r

q
qii t

r
tP

1

* ))((1)( , (5.24)

∑
=

Φ=
r

q
qii tY

r
tR

1

* )).((1)(  (5.25)
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Let us calculate the expectations of resampling-estimators. Obviously )()(* tEtEP ii Φ= , 

)()(* tEtER ii Φ= . These expectations can be calculated taking into account the following 

reasoning. 

1) The probability that j initial failures occurred during time t can be found by the 

Poisson distribution: 

( ) )exp(
!

t
j
t j

λλ
− . 

 

2) It is known, that if  the number j is  fixed then  the moments of initial failures 

occurrences are independent and have uniform distribution in the interval [0, t]. 

3) If ),( tu 0∈  is the time moment of an initial failure occurrence then in instant t the 

failure would be initial with the probability )(1 utF −−  and terminal with the 

probability )( utF − . 

4) The probabilities q1 that at moment t the considered initial failure still will be 

initial and q2  = 1– q1 that at moment t the considered initial failure will be terminal 

are calculated by formulas: 

( )∫ −−=
t

duutF
t

q
0

1 )(11 , 

.)(1

0
2 ∫ −=

t

duutF
t

q  

 

Therefore, the expectation )(* tEΛ of the resampling-estimator )(* tΛ  is calculated as 

follows: 

,)exp(
!
)()exp(

!
)()(

1
1

1
1

* ∑∑
∞

+==

−⋅⋅+−⋅=Λ
kj

jk

j

j

t
j
tkqt

j
tjqtE λλλλ  (5.26)

We also can find the expectation )(* tEPi  of the estimator )(* tPi : 

...,,2,1,0,)exp(
!
)()1(

)1()exp(
!
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 (5.27)

where 







i
j

 is the binominal coefficient. 
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The expectations )(* tERi  and )(~* tE iΛ  of the estimators )(* tRi  and )(~* tiΛ  can be 

calculated analogously by replacing q1 by q2 in formulas (5.26) and (5.27). 

 

5.4. The calculation of the Resampling-Estimator Variance 

Now we wish to calculate the variance of the resampling-estimators (5.22) and (5.23). At 

first let us calculate the variances ∑
=

=Χ
k

j
qjq tVartVar

1
, )()( ζ  and ∑

=

=
k

j
qjq tVartVarY

1
, ).()( ζ  

We are omitting the realization index q: 

( )∑ ∑ ∑
=

−

= +=

+=Χ
k

j

k

j
ij

k

ji
j ttCovtVartVar

1

1

1 1
)(),(2)()( ζζζ . (5.28)

)(tVarYq  can be obtained analogously by formula (5.28) replacing )(tjζ  with )(tjζ . 

The indicators )(tjζ  and )(tjζ  are the Bernoulli r.v., that has the value 1 with the 

probability: 

),(~)(}{}{

}{)(
)()( tGtGtBPtP

BtPtE
jj

jjj

jjjj

−=<+−<=

=+<<=

ττ

ττζ
 

 

),(~}{)( )( tGBtPtE j
jjj =+>= τζ   

where )()( tG j  is the Erlang distribution function with parameters λ  and j, )(~ )( tG j  is the 

distribution function for convolution of the distributions )()( tG j  and F(t). 

Therefore 

( )( ))(~)(1)(~)()( )()()()( tGtGtGtGtVar jjjj
j +−−=ζ ,  

( ))(~1)(~)( )()( tGtGtVar jj
j −=ζ   

Now let us calculate the covariance of )(tjζ and )(tiζ  ( )(tjζ  and )(tiζ ) for j < i using 

the second mixed moment )()( ttE ij ζζ  ( )()( ttE ij ζζ ). We have: 

( )( ) ).()(~)()(1

}1)(,1)({)()(

)()()(

0

zdGztGztGztF

ttPttE

jjiji
t

ijij

−−−−−=

====

−−∫

ζζζζ
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}1)(,1)({)()(

)()(
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(5.29)
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Now we are able to calculate covariance of )(tjζ  and )(tiζ : 

( ) )()()()()(),( tEtEttEttCov ijijij ζζζζζζ −= ,  

that allows us to calculate the variance of )(tVarΧ according to formula (5.28). 

With these results in hand we consider the variance of the expectation of the estimator 

(5.22): 

.     )),(),((1)(1)(1)(
1

* qpttCov
r

rtVar
r

t
r

VartVar pqq

r

q
q ≠ΧΧ

−
+Χ=Χ=Λ ∑

=

 (5.30)

For that purpose we need to calculate the covariance ( ))(),( ttCov pq ΧΧ  for two different 

realizations q and p. Let us consider the second mixed moment )()( ttE pq ΧΧ . We have:  
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 (5.31) 

)(~* tVarΛ  and )()( tYtEY pq  can be found analogously by formulas (5.30) and (5.31) 

replacing )(tX q  with )(tYq . 

Now we need to calculate )()( ,, ttE piqj ζζ  for j ≤ i. We must take into account that 

)(, tqjζ  and )(, tpiζ  can be formed by the same intervals between initial failures and 

degeneration times to terminal failures. Let L be the number of the same intervals and Θ be 

the random event “the j-th initial failure in the q-realization and the i-th initial failure in the 

p-th realization have the same degeneration time to terminal failure.” Then 

( )(

( ) ( )) .   ,,}{1
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ijvLEP

vLEPvLPE
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v
piqjpiqj
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=

ζζ

ζζζζ
 (5.32) 

)()( ,, ttE piqj ζζ  can be found analogously by formula (5.32) replacing )(, tqjζ  with )(, tqjζ .  

Then 
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Note that we take ,1)()0( =tG ).()(~ )0( tFtG =   

Random variable L has hypergeometrical distribution: 
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The random event Θ has probability P{Θ}=1/l, therefore using above considered 

formulas we are able to realize (5.32). Now we can calculate variance with respect to 

formula (5.30). 

The mean squared error can be calculated by the formula 

( ) .)()()()( 2*** ttEtVartMSE Λ−Λ+Λ=Λ  

5.5.The Numerical Examples 

5.5.1. Common relationships 
The effectiveness of this method can be shown with the numerical examples. Let’s 

consider the cases when the distribution of the time of initial failure degenerates into 

terminal failure is represented as a sum nS  of the uniformly distributed r.v. in the interval  

[0, a]: { }xSPxU nm ≤=)( [34]. The distribution and density functions are presented by 

formulas (5.23) and (5.33), where K,2,1=n  for all x ≥ 0: 
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where 
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The corresponding graphic of the density function is shown in the fig. 5.1.  
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Fig. 5.1 The density function of the sum of uniformly distributed random variables 

5.5.2. Example: Triangular distribution, as the time of initial failure degenerates 
into a terminal failure  

As an example, let us consider the Poisson flow of the initial failures with parameter 

λ=0.5 and the triangle distribution of degeneration times to terminal failures with the 

parameters a=2: 
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Note that F(x)=U2(x). (Triangular distribution is the sum of two uniformly distributed 

r.v.). 

Table 5.1 presents the expectations )(ˆ tPE i  of the plug-in estimators )(ˆ tPi  (Plug) and 

the expectations )(* tEPi of the resampling-approach estimators )(* tPi  (Res) for the time 

t=5. The last column contains the real probabilities values )(tPi  (True) according to 

formula (5.2). The expectations are shown for different numbers of initial failures i and for 

different sample sizes l. Here k = l. We can see, that with increasing of l the bias decreases, 

especially the bias of the resampling-estimator.  

Table 2 shows the same results for the estimators )(ˆ tRi , )(* tRi . 

In table 3 and 4 the variances of the plug-in estimators for the probabilities )(tPi  and 

)(tRi are given. 

_u1(x)
_u2(x) 
_u3(x) 
_u4(x) 

x
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Tables 5-6 present the expectations, variance and mean squared errors for the estimators 

)(ˆ tΛ , )(* tΛ  and )(~̂ tΛ , )(~* tΛ .We can conclude that resampling estimators are better taking 

as efficiency criteria bias, variance or mean squared error. 

 We can also easily compare those estimators using corresponding charts in fig.5.2 and 

fig. 5.3. In the fig. 5.3 we see, that there is the same curve for the real probability and the 

of the resampling-estimator. 

Fig. 5.4. and fig. 5.5. give the same charts for the estimators )(ˆ tRi , )(* tRi . 

Given data show that the resampling-estimators give the smaller expectation bias, than 

the plug-in ones. )5(),5(),5(ˆ *
iii RERRE  
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Fig. 5.2 The expectations )5(îPE  of the plug-in estimator and )5(*
iEP of the 

resampling-estimator, l=3, t=5.  
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Fig. 5.3 The expectations )5(îPE of the plug-in estimator and )5(*
iEP of the 

resampling-estimator, l=8, t=5. 
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Table 5.1  

The expectations )5(îPE  of the plug-in estimators and )5(*
iEP  of the resampling-

estimators 

i l=3 l=4 l=5 
 Plug Res Plug Res Plug Res 

True  
value 

0 .346 .379 .348 .370 .350 .368 .368 
1 .291 .392 .307 .374 .317 .369 .368 
2 .169 .189 .176 .189 .180 .186 .184 
3 .088 .040 .087 .058 .085 .062 .061 
4 .045  .041 .009 .037 .014 .015 
5 .024  .019  .016 .002 .003 
6 .013  .010  .007  .001 
7 .008  .005  .003   
8 .005  .003  .002   
9 .003  .001  .001   
10 .002  .001     
i l=6 l=7 l=8 
 Plug Res Plug Res Plug Res 

True  
value 

0 .350 .368 .351 .368 .352 .368 .368 
1 .325 .368 .330 .368 .334 .368 .368 
2 .183 .184 .184 .184 .186 .184 .184 
3 .083 .062 .082 .061 .080 .061 .061 
4 .035 .015 .033 .015 .031 .015 .015 
5 .014 .003 .012 .003 .011 .003 .003 
6 .006  .005  .004  .001 
7 .002  .002  .001   
8 .001  .001  .001   
9        
10        
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Table 5.2  

The Expectations )5(ˆ
iRE  of the Plug-in Estimators and )5(*

iER  of the Resampling-
Estimators 

i l=3 l=4 l=5 
 Plug Res Plug Res Plug Res 

True 
value 

0 .214 .235 .215 .225 .216 .224 .225 
1 .262 .378 .275 .345 .285 .337 .336 
2 .200 .289 .212 .268 .219 .256 .250 
3 .127 .098 .131 .130 .133 .130 .124 
4 .075  .074 .031 .071 .045 .046 
5 .044  .040  .036 .008 .014 
6 .026  .022  .018  .003 
7 .016  .012  .009  .001 
8 .010  .007  .005  .000 
9 .007  .004  0.003   
10 .001           
i l=6 l=7 l=8 
 Plug Res Plug Res Plug Res 

True 
value 

0 .217 .223 .218 .223 .218 .223 .225 
1 .292 .335 .297 .335 .301 .335 .336 
2 .225 .252 .229 .251 .232 .251 .250 
3 .133 .127 .134 .126 .134 .126 .124 
4 .069 .048 .067 .047 .065 .047 .046 
5 .033 .013 .031 .014 .029 .014 .014 
6 .016 .002 .014 .003 .012 .003 .003 
7 .007  .006  .005 .001 .001 
8 .004  .003  .002   
9 .002  .001  .001   
10              
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Fig. 5.4 The expectation )5(ˆ
iRE of the plug-in estimator and )5(*

iER of the 
resampling-estimator, l=3, t=5. 
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Fig. 5.5 The expectations )5(ˆ
iRE of the plug-in  estimator and )5(*

iER of the 
resampling-estimator, l=8, t=5. 

Table 5.3  

The variance )5(îPVar  of the plug-in estimator 

i l=3 l=4 l=5 l=6 l=7 l=8 
0 .153 .149 .147 .145 .144 .143 
1 .096 .103 .108 .112 .115 .117 
2 .036 .037 .038 .038 .038 .038 
3 .013 .012 .011 .010 .009 .009 
4 .005 .004 .003 .003 .002 .002 
5 .002 .002 .001 .001 .001  
6 .001 .001     
7 .001      
8       
9       
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Table 5.4  

The variance )5(ˆ
iRVar  of the plug-in estimator 

i l=3 l=4 l=5 l=6 l=7 l=8 
0 .072 .068 .065 .063 .062 .060 
1 .081 .086 .090 .092 .094 .096 
2 .045 .048 .051 .053 .054 .055 
3 .021 .021 .021 .021 .021 .021 
4 .010 .009 .008 .008 .007 .007 
5 .005 .004 .003 .003 .002 .002 
6 .002 .002 .001 .001 .001 .001 
7 .001 .001 .001    
8 .001      
9 .001      

 

Table 5.5  

The expectations, variances and mean squared errors of plug-in and 
resampling estimators of )(tΛ   

i l=3 l=4 l=5 l=6 l=7 l=8 
)5(Λ̂E  1.41 1.32 1.25 1.21 1.19 1.16 
)5(*ΛE  0.89 0.96 0.99 0.997 0.99 0.99 
)5(Λ̂Var  1.52 0.79 0.51 0.38 0.30 0.24 
)5(*ΛVar  0.58 0.55 0.49 0.43 0.36 0.31 
)5(Λ̂MSE  1.69 0.89 0.57 0.42 0.34 0.27 
)5(*ΛMSE  0.59 0.55 0.49 0.43 0.36 0.31 

 

Table 5.6  

The expectations, variances and mean squared errors of plug-in and 
resampling estimators of )(~ tΛ   

i l=3 l=4 l=5 l=6 l=7 l=8 
)5(~̂

ΛE  1.98 1.89 1.83 1.78 1.74 1.70 
)5(~*ΛE  1.25 1.39 1.46 1.49 1.49 1.50 

)5(~̂
ΛVar  3.15 1.61 1.05 0.76 0.60 0.49 

)5(~*ΛVar  0.72 0.78 0.72 0.63 0.55 0.46 

)5(~̂
ΛMSE  3.38 1.76 1.16 0.84 0.66 0.53 

)5(~*ΛMSE  0.78 0.79 0.72 0.63 0.55 0.46 
 

Various examples are examined with different distribution types and parameters 

values, but the results tendency was almost the same. In all cases resampling-estimators 

gave better expectations, than traditional plug-in ones. It was especially remarkable, when 

the sample size increased value 3. It was because of the fact that resampling-approach 
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could not give reliable results since, we could not obtain the probabilities of the queue 

length more than k(sample size). But such situation could be in real life. But resampling-

approach in many cases gave less bias, than plug-in one. When the sample size was more 

that 8 the bias of resampling approach disappeared completely.  

5.6. Conclusions 

The proposed resampling-approach is a good alternative to traditional one for 

considered reliability problem. It is especially remarkable with increasing the size of given 

samples. Then the rate of convergence to real probability of resampling estimators is much 

more, than of traditional ones. The only disadvantage of suggested approach is that we 

cannot get the required value of )(* tEPi , if i>l, that’s why is those cases is better to use 

traditional estimators. The best way here is to combine those approaches, to use for i<l 

resampling estimators, but for i>l traditional ones. We can use such kind of combinations 

with special normalization to get the sum of probabilities equal to 1. 

It is important to emphasize that, when the distribution is estimated correctly. In real 

situation often the sample size could be too small, that it is impossible to choose the 

distribution type properly by traditional approach. We can build wrong model, obtain 

absolutely wrong results and make incorrect decision. Especially in such situations 

resampling-approach is recommended. If resampling can be competitive even in better 

situation, when the distributions were estimated correctly, than in described example the 

advantages of suggested approach are obvious.  
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6. Inventory control analysis in logistic systems 
6.1. Problem description 

The problems that can be solved in inventory control theory in logistics are to develop 

the following mechanisms of: the inventory forming, methods and approaches of inventory 

control in logistic systems, determining of optimal level of the inventory and etc. [87].  

If we consider the inventory as the object of the control in logistic systems, then the 

key questions are connected with determining of optimal level of the inventory, taking into 

account the risks of inventory holding, to avoid the shortage appearances. 

Inventory in contemporary business is not only the design condition of the activity, is 

one of the basic object of management, which supports the enterprise success. In the 

decision making about the place and role of the inventory of the organization take part 

among others the top-management of the organization, who determines the strategic 

development of the business. Their attitude to the inventory influence the further 

possibilities of the managing of the main operational functions of the enterprise. Nowadays 

there are a lot of approaches to the organization and planning of the inventory holdings 

movement. The emphasis on the role of the inventory in the organization allows to open 

new possibilities for the business.  

 About the actuality of the considered problems testify the various researchers in this 

area. For example in [47] a single-product inventory control model with Poisson 

distributed demand for goods and random lead time is considered. Proposed model uses the 

regenerative approach. It gives possibility to find optimal values of reorder point and order 

quality. Criteria of optimization is minimum of average expenses per a time unit for goods 

holding, ordering and losses from deficit. In [46] a stochastic single-product inventory 

control model for the chain “producer-wholesaler-customer” with two stages in the 

ordering process is considered: first stage is executed by customer and second – by 

wholesaler. The aim is to construct the optimization model taking into account that the sum 

of costs for goods’ ordering, holding and losses from deficit should be minimal. 

 In this promotion work the following problem is described. Suppose that the initial 

inventory level equals to K, where K is a known integer. Inventory level is increasing 

according to the supply and decreasing according to the demand. It is also assumed, that if 

the demand exceeds the supply then the shortage occurs. Our purpose is to estimate the 

shortage absence probability for the m-th unit’s demand. 

 The next problem is to determine the value of average income from the received 

commodity units, taking into account the cost value of the initial inventory order, the 
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income value from the fulfillment of one unit demand and the penalty value of the delay of 

one unit demand fulfillment. We have to obtain the optimal value of the initial inventory 

level maximizing the mean value of the incomes.  

Traditional approach gives biased estimators of the parameters in this situation and we 

suggest the alternative resampling-approach.  

The next chapter contains the mathematical problem formulation of the considered 

task. The classical and resampling approaches contents and corresponding numerical 

results will come further implementing to concrete problem. 

 

6.2. Mathematical model 

Suppose we have two simple independent renewal processes {Xi, i=1,2,...} and  

{Yi, i=1,2,...}, where {Xi} and {Yi} are the sequences of unnegative independent random 

variables, each sequence with its own common distribution [26], [53]. Let ∑
=

=
m

i
im XD

1

 and 

∑
=

=
m

i
im YS

1

 be the times of the m-th renewal for corresponding processes. The distribution 

functions of sequences {Xi} and {Yi} are unknown, but corresponding initial samples’ of 

sizes nX and nY are available. Our purpose is the estimation of the probability }{ km SDP > , 

where mnX 2≥  and knY 2≥ .  

This problem has a lot of applications, for example, in inventory theory [53] it occurs 

in the following situation. Suppose that the initial inventory level equals to K, where K is a 

known integer. Inventory level is increasing according to the supply and decreasing 

according to the demand. It is also assumed, that if the demand exceeds the supply then the 

shortage occurs. Our purpose is to estimate the shortage absence probability for the m-th 

unit’s demand.  

The described example can be considered in terms of renewal processes in the 

following way. Let the demand corresponds to the first renewal process {Xi, i=1,2,...} and 

the time of the m-th renewal be the time of the m-th request of inventory unit. Let the 

supply corresponds to the second renewal process {Yi, i=1,2,...} and the time of the m-th 

renewal be the time of the m-th supply of inventory unit. Then the probability of interest, 

of the shortage absence, is the probability, that the m-th demand comes later, that the 

Km − -th supply Dm>Sm-K. It is also assumed, that the initial inventory level K is known. 

We wish to investigate some properties of the different estimators of the shortage absence 

probability. 



 103

 

Fig. 6.1 The illustration of renewal process 
 

 

Fig. 6.2 The problem of inventory control 
 

In the next section some important relationships for future purposes are given. Then 

follows the section, where the resampling-estimators of probability of interest are 

presented. The third section presents the specific cases for some distributions on the base 

of the resampling-approach. The fourth section considers the classical estimators of the 

probability of interest. Further in the fifth section numerical examples illustrate the 

suggested approach efficiency. The last section concludes the paper. 

X1 
X2 

X3 

X4 X(t) 

t 

D3 

t 

Inv(t) 

Y1 Y2 Y3 Y4 

X1 X2 X3 X5 X6 X7 X8 

K=3 
Shortage 

X4 

D7 

S4 

Supply 

Inventory level 

Demand 



 104

6.3. The motivation of the suggested approach 

6.3.1. Some important relationships 
Now we describe our problem more formally. Let us define the distribution functions 

of sequences {Xi} and {Yi} as  )(1 xFX  and )(1 xFY , and distribution density functions as 

)(1 xf X  and )(1 xfY . The functions )(1 xFX  and )(1 xFY  are unknown, but corresponding 

samples },,,{ 21 XnX XXXH K=  and },,,{ 21 YnY YYYH K=  are available for sequences 

{Xi} and {Yi}, where XX nH =||  and YY nH =|| .  

Let us define the distribution and density functions of the sum of variables: )(xF i
X  and 

)(xf i
X . The sub index i in this notation means the number of addends in the sum. The 

mentioned above function )(1 xFi  according to this notation is the distribution function of 

the sum presented with only one element. The upper index means the r.v. name, whose 

distribution function is considered. 

We are interested in the time of the m-th and Km − -th renewals: 

∑
=

=
m

i
im XD

1

, ∑
−

=
− =

Km

i
iKm YS

1

. (6.1)

 
Our task is to estimate the shortage absence probability }{ Kmm SDP −> that the m-th 

renewal of the demand process {Xi} comes later, than the Km − -th renewal of the supply 

process {Yi}. 

Let’s consider the indicator function ),( yxΨ , where ),,,( 21 Xmxxx K=x  and 

),,,( 21 Ymyyy K=y  are vectors of real numbers:  








>

=Ψ ∑∑
==

.0

,1
),( 11

otherwise

yxif
YX m

i
i

m

i
iyx  (6.2)

 

Suppose we have two vectors of r.v. ),,( 21 XmXXX K=X  and ),,( 21 YmYYY K=Y , 

mmX = , KmmY −= . Our purpose is to estimate the shortage absence 

probability ),( YXΨ=Θ E . We will estimate Θ  using two different approaches: classical 

and resampling. Classical, parametrical approach is widely known. So we consider the 

alternative nonparametrical resampling-approach implementation. 
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6.3.2. Classical approach 
 
 Classical approach to the estimation of the probability of interest is a parametrical one. 

It supposes the point estimation of the parameters of the distribution, if we know the 

distribution type of the initial samples Hi, i={X, Y}. We intend to estimate the parameters of 

the known types of distributions.  

 

5.3.2.1. Example: Exponential distribution 
 

Let’s consider an example, when r.v. X and Y have exponential distribution with 

parameters λ and ν correspondingly. The sum of exponentially distributed r.v. has Erlang 

distribution. The probability of interest }{
YX mm SDP >=Θ , notation from formula (6.1), 

now is: 
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(6.3)

The classical approach supposes using the point estimators instead of the values of λ 

and ν: 
XnX Dn=λ̂ , 

XnY Sn=ν̂ . It gives the estimator: 
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where ∏
−

=

=
1

0

1
p

. 

Now we are able to calculate the expectation and the variance of Θ̂ . 

5.3.2.2. Example: Normal distribution 
 

Now let’s consider the case, where X and Y have normal distribution, correspondingly 

N(µX,σX) and N(µY,σY). The real probability of the shortage absence in this case can be 

calculated as follows: 

=>=Θ }{
YX mm SDP }0{ >−

YX mm SDP .  

It is known, that the distribution of this difference also has normal distribution. 

Therefore,  
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If we try to estimate this probability, the classical approach supposes the estimation of 

the parameters ),( YX µµ=µ , ),( YX σσ=σ  using available sample populations. We have 

the estimator: 
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Then the expectation and the second moment of this estimator have the following 

expressions: 

,ˆˆˆ)ˆ()ˆ()ˆ()ˆ,ˆ(ˆˆ
YXXYYXXY dddfffE

YXXY
σσµσσµ σσµ∫ ∫ ∫
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,ˆˆˆ)ˆ()ˆ()ˆ(),ˆ(ˆˆ 2*2
YXXYYXXY dddfffE

YXXY
σσµσσµ σσµ∫ ∫ ∫

∞
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∞
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∞

∞−

Θ=Θ σµ  
 

where distribution density function )(xf
XYµ  of the YYXX mm µµ ˆˆ −  has normal distribution 

with parameters YYXX mm µµ −  and YYYXXX nmnm // 2222 σσ + , and distribution density 

function )(xf
iσ  of the 22 /ˆ iiin σσ  has “chi-square” distribution with 1−in  degrees of 

freedom, i={X,Y}. Then the expression for variance of Θ̂  is: 22 )ˆ(ˆˆ Θ−Θ=Θ EEVar  and 

for the mean squared error 2)ˆ(ˆˆ Θ−Θ+Θ=Θ EVarMSE . 

6.4. The suggested resampling-approach description 

6.4.1. Resampling - approach 

At first we consider the resampling-approach for estimation of the shortage absence 

probability. This method in contrast to traditional approach does not suppose the 

estimation of the distribution parameters or the construction of the empirical distribution 

functions to find characteristics of interest. Alternatively we use primary data in different 

combinations and this fact makes possible to obtain unbiased estimators and decrease their 

variance. There are a lot of examples of resampling-approach successive implementation to 

various tasks for reliability systems, regression models, for order statistics estimation [15], 

[65], [37]. 

Resampling-approach supposes the following steps. We choose randomly mX elements 

from the sample HX
 and mY elements from the sample HY The elements are taken without 
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replacement, we remind that XX mn 2≥ , YY mn 2≥ . Then we calculate the corresponding 

value of function ),( yxΨ  using formula (6.2). After that we return chosen elements into 

the corresponding samples.  

 

Fig. 6.3 Resampling-approach procedure description 

 

We repeat this procedure during r realizations. Let )(lj i
d , d=1,..,mi be the indices of 

elements from the sample Hi, },{ YXi∈ , that are chosen at the l-th realization.  Then for 

the l-th realization we obtain the following vectors: 

),,,()(
)()()( 21 ljljlj X

xm
XX XXXl K=X , ),,,()(

)()()( 21 ljljlj Y
Ym

YY YYYl K=Y . 

The resampling-estimator *Θ  is the arithmetical mean by r realizations: 

∑
=

Ψ=Θ
r

l

ll
r 1

* ))(),((1 YX . (6.5)

Obviously this estimator is unbiased: 

Θ=Θ*E . (6.6)

We are interested in the variance of this estimator.  

Let’s denote the following notations: 

)),(( YXΨµ E= , )),(( 2
2 YXΨ= Eµ , (6.7)

( ) ',))'(),'(())(),((11 llllllE ≠ΨΨ= YXYXµ . (6.8)

Then the variance of interest can be calculated using the following formula: 

Y1 Y2 Y3 Y4 

X1 X2 X3 X5 X6 X7 X8 X4 

Supply 

Demand 

HY HX 

We perform r such realizations 
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22** µ−Θ=Θ EVar , (6.9)

where  

112
2* 11 µµ

r
r

r
E −

+=Θ . (6.10)

 
In order to estimate the variance of the estimator, we have firstly to find the expression 

of the mixed moment 11µ  from the formula (6.8). To calculate the moment 11µ  the notation 

of α-pairs can be used by M. Fioshin [35]. 

 

 

Fig. 6.4 The α-pairs’ conception 

Let us denote Wi(l), l=1,...,r, },{ YXi∈ , a subset of the sample Hi, which was used for 

producing the values of vectors X(l) and Y(l) correspondingly, ii HlW ⊂)( . Let us denote 

Mi={0,1,...,mi}, M=MX×MY. Let α=(αX, αY) be an element of M, α M∈ . We say that Wi(l) 

and Wi(l’) produce the α-pair, if and only if Wi(l) and Wi(l’) have αi common elements: 

iii lWlW α=∩ |)()(| . 

Let All’(α) denote the event “subsamples (X(l),Y(l)) and (X(l’),Y(l’)) produce α-pair”, 

but Pll’(α) be the probability of this event: Pll’(α)=P{All’(α)}. Because of the fact 

realizations l=1,..,r are statistically equivalent, we can omit the lower indices ll’ and write 

P(α). 

Let 

( ))(|))'(),'(())(),(()( '11 αYXYXα llAllllE ΨΨ=µ , (6.11)

then 

)()( 1111 αα
α

µµ ∑
∈

=
M

P . (6.12)

Therefore we need to calculate P{α} and )(11 αµ  for all M∈α . 

The probability P{α} can be calculated using hypergeometrical distribution: 

The l – th realization The l’ – th realization 

X(l) X(l’) 

Y(l) Y(l’) 

Common  
elements 

α=(3, 2) 
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∏
∈

















−
−









=

},{

)(
YXi i

i

ii

ii

i

i

m
n

m
mnm

P
αα

α , (6.13)

where 







m
n

 is binomial coefficient. 

 Now our task is to calculate )(11 αµ , M∈∀α . 

Let’s introduce some new notations for two different realizations l and l’ of 

resampling-procedure. Using sums, mentioned earlier in formula (6.1) let’s include the 

upper index corresponding to the realization number. Then let’s divide each sum into two 

parts in the following way. We consider separately the common and the different elements 

of these sums for realizations l and l’: 

,)'()'( llcomlldif
m

l
m XXXX

DDD αα += −
)'()'(' llcomlldif

m
l
m XXXX

DDD αα += − , 

)'()'( llcomlldif
m

l
m YYYY

SSS αα += − , )'()'(' llcomlldif
m

l
m YYYY

SSS αα += − , 
(6.14)

where 

∑
∈

=
)( jW

j
m

X

X
XD

ξ
ξ  (or ∑

∈

=
)( jW

j
m

Y

Y
YS

ξ
ξ ) is the sum of sequences {Xi} (or {Yi}) elements for the j-

th realization, }',{ llj∈ , 

)( jkdif
nD  (or )( jkdif

nS ) is the sum of n elements from X(j) (or Y(j)), which are absent in X(k) 

(or Y(k)), jklljk ≠∈ },',{, , 

)'(llcom
nD  (or )'(llcom

nS ) is the sum of n common elements of X(l) and X(l’) (or Y(l) and Y(l’)). 

 

 

Fig. 6.5 The sums’ common and different elements illustration for two different 
realizations 

 

Therefore we can write:  

,)'()'( llcomlldif

m

l

m XXXX
DDD αα += −

)'()'(' llcomlldif

m

l

m XXXX
DDD αα += −

)'()'( llcomlldif
m

l
m YYYY

SSS αα += −

)'()'(' llcomlldif

m

l

m YYYY
SSS αα += −

The l – th realization The l’ – th realization 

X(l) X(l’) 
Y(l) Y(l’) 

Common  
elements 
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=)(11 αµ ==Ψ=Ψ }|1))'(),'((,1))(),(({ αYXYX llllP  

=+>++>+= −−−− },{ )'()'()'()'()'()'()'()'( llcomlldif
m

llcomlldif
m

llcomlldif
m

llcomlldif
m YYYXXXYYYXXX

SSDDSSDDP αααααααα

=>+>+= −−−− },{ )'()'()'()'( lldif
m

lldif
m

lldif
m

lldif
m YYXXYYXX

SCDSCDP αααα αα

,)|(},{ )'()'()'()'( dzzfSzDSzDP C
lldif

m
lldif

m
lldif

m
lldif

m YYXXYYXX
ααααα −−

+∞

∞−
−− >+>+= ∫  

where αCSD llcomllcom
YX

=− )'()'(
αα , )|( αxfC  – the distribution density function of r.v. Сα. Note 

that for fixed value of r.v. Cα = z the events { })'()'( lldif
m

lldif
m YYXX

SzD αα −− >+  and { })'()'( lldif
m

lldif
m YYXX

SzD αα −− >+  

are independent.  

 Then )(11 αµ  has the following form: 

∫
+∞

∞−
−− ⋅>+= }{)( )'()'(

11
lldif

m
lldif

m YYXX
SzDP ααµ α dzzfSzDP C

lldif
m

lldif
m YYXX

)|(}{ )'()'( ααα −− >+ .  

Therefore 

{ } { }

.)()(

)|( )'()'()'()'(

∫
∞+

∞−

−−

−−−−

+=

=>+=>+=

dxxfzxF

SzDPSzDPzR

XXYY

YYXXYYXX

m
X

m
Y

lldif
m

lldif
m

lldif
m

lldif
m

αα

ααααα
 (6.15)

 The r.v. Cα, has the following cumulative distribution and probability density 

functions: 

},{}{}{)|( )'()'()'()'( zSDPzSDPzCPzF llcomllcomllcomllcom
C YXYX

+≤=≤−=≤= αααααα  
 

∫
+∞

∞−

+= .)()()|( dxxfzxfzf YX
YXC
ααα  

(6.16)

 Note that the events { })'()'( lldif
m

lldif
m YYXX

SzD αα −− >+  and { })'()'( lldif
m

lldif
m YYXX

SzD αα −− >+  are equal probable. 

Therefore we can write the formula for )(11 αµ  calculation in the following way: 

.)|()|()( 2
11 ∫

+∞

∞−

= dzzfzR C αααµ  (6.17)

 

6.4.2. Specific cases 
 

This section includes some examples, when we illustrate the suggested approach on 

well known distributions.  
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5.4.2.1. Example: Normal distribution 
 Let’s consider the case, when in our renewal processes r.v. X and Y of interest are 

normally distributed: X~N(µx,σX), Y~N(µY,σY). Then the sum )(ijdif
m XX

D α−  from the formula 

(6.14) has also normal distribution with the expectation XXX
ijdif

m mDE
XX

µαα )()( )( −=−  and the 

variance 2)( )()( XXX
ijdif

m mDVar
XX

σαα −=− , i.е.  












−

−−
Φ=−

XXX

XXXm
X m

mx
xF XX

σα
µαα

)(
)(

)( , (6.18)

where Φ(x) – standard normal N(0,1) distribution function.  

 Analogously, the sum )(ijdif
m YY

S α−  has also normal distribution with the expectation 

YYYm µα )( −  and the variance 2)( YYYm σα− .  

 The distribution function of Cα is also normal with the expectation YYXX µαµα −  and 

the variance 22
YYXX σασα + . 

Then using the formula (6.17) we can find the necessary mixed moment. 

5.4.2.1. Example: Exponential distribution  
 Let’s consider now another example, when in our renewal processes r.v. X and Y of 

interest have exponential distribution with parameters λ and ν correspondingly. Then the 

distribution function  )(xF XXm
X

α−  of the sum )(ijdif
m XX

D α−  from the formula (6.14) has Erlang 

distribution with parameters λ and XXm α− . The distribution function )(xF YYm
Y

α−  of the 

other sum )(ijdif
m YY

S α−  from formula (6.14) has also Erlang distribution with parameters ν and 

YYm α− . We also define with letter G (with corresponding indices) an additional function 

to corresponding distribution function: G(x)= )(xF−1 . 

 Let us consider the integral from (6.15) in the following way: 
 

,)|()|(1)()(1)|(
),0max(

),0max(

∫∫∫
+∞

−

−

∞−

+∞

∞−

−− −−=+−=
c

c
m

X
m
Y dyyTdyyTdyyfcyGcR XXYY ααα αα  

where T(y|α) is the underintegral expression.  

All intermediate proofs and calculus for those two integral parts are given in the 

Appendix. 

Finally, we have: 
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( )

),|),0(max(
)!1(

)!1(
)(
1

!
)),0(max(1)|(

1

0 0

α

α
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m

mpi

c
i

ecFcR

X
XX

XX

m

i

i

p
ipm

pi
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i
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YY

XX

XXXX

−⋅
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⋅

⋅
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α
α

νλ
νλ

α

α
ανα

 (6.19)

 

where )|( αxGX  - additional function for Erlang distribution function with parameters 

νλ + , pim XX −+−α . 

 Now consider the probability density function from (6.16) for the r.v. 

αCSD ijcomijcom
YX

=− )()(
αα , where )(ijcom

X
Dα  and )(ijcom

Y
Sα  have Erlang distribution with parameters 

(αX, λ) and (αY, ν) correspondingly.  

 Then 

)),,0(max(
)(

)!2(1
)!1()!1(

)|( 1

1

0
cGpc

p
ecf Xp

YXp

p

X

YX

c

C YX

XYX

−
+

−−+
⋅






 −
⋅

−−
= −−+

−

=

−

∑ αα

αλαα

νλ
ααα

αα
νλα  

 

(6.20)

where )(xGX  corresponds to additional function for Erlang distribution with parameters 

νλ +  and 1−−+ pYX αα . The proof for the formula (6.20) are given in the Appendix. 

Then using the formula (6.17) we can find the necessary mixed moment. 

 Note that with some modifications those formulas are also available for Erlang 

distribution. 

6.5. The numerical analysis of the effectiveness of the considered 

approach 

6.5.1. Example: Normal distribution 
Consider the case when r.v. X and Y have normal distribution with parameters 

2== YX µµ , 1== YX σσ . The real estimators of probabilities of the shortage absence are 

presented in the Table 6.1. 
Let our sample sizes be equal YX nnn == . We consider the mentioned probability at the 

moment of the m-th unit’s demand depending on different initial inventory levels K=0..3. 

All calculations have performed for r = 1000 realizations. We intend to compare the 

variance of estimators of the resampling-approach with the mean squared error of classical 

approach. It is so because of the resampling-approach estimators are unbiased, but classical 

ones on the contrary have bias. 
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Table 6.1  

Real probabilities of shortage absence Θ  

Θ   
K=0 K=1 K=2 K=3 

n=6, m=3  .5 .814 --- --- 
n=10, m=5 .5 .748 .921 .988 
n=10, m=4 .5 .775 .949 --- 
n=12, m=6 .5 .727 .897 .977 

 

Table 6.2  

Experimental results for Classical Θ̂  and Resampling *Θ  estimators 

 K=0 K=1 K=2 K=3 
Θ̂Var  .067 .034 --- --- 

Θ̂Bias  0 .022 --- --- 
Θ̂MSE  .067 .035 --- --- 

n=6 
m=3 

*ΘVar  .112 .047 --- --- 

Θ̂Var  .061 .043 .015 .002 

Θ̂Bias  0 .028 .029 .013 
Θ̂MSE  .061 .044 .015 .002 

n=10 
m=5 

*ΘVar  .087 .055 .014 .001 

Θ̂Var  .053 .032 .006 --- 

Θ̂Bias  0 .021 .018 --- 
Θ̂MSE  .053 .033 .007 --- 

n=10 
m=4 

*ΘVar  .069 .039 .005 --- 

Θ̂Var  .06 .045 .019 .004 

Θ̂Bias  0 .028 .033 .019 
Θ̂MSE  .06 .046 .02 .004 

n=12 
m=6 

*ΘVar  .085 .058 .02 .002 
 

In the table 6.2 and in the fig. 6.6 we can see the resampling-estimators’ variance 
*ΘVar  comparing with classical approach estimators’ variance Θ̂Var , bias Θ̂Bias , and 

mean squared error Θ̂MSE . The table shows how changes the results depending on 

different sample sizes n, unit’s number m and initial inventory level K. 

 



 114

Classical and resampling approaches results, n=10, 
m=5, K=0..3

0,00

0,04

0,08

0,12

0 0,5 1 1,5 2 2,5 3 3,5
Initial inventory level K

Classical variance
Classical mean error
Resampling variance

 
Fig. 6.6 Classical and resampling-approach results 

 

Analyzing table’s results we can draw the conclusion that the variance and 

corresponding mean squared error of both approaches decreases with the increasing of 

sample sizes n, m, and initial inventory level K. The variance of the resampling-estimators 

is almost always near the traditional one. However the resampling-estimators are unbiased. 

Taking as the criterion the mean squared error resampling gives even better results for big 

values of K.  

6.5.1. Example: Exponential distribution 

Consider the case when r.v. X and Y have exponential distribution with parameters 

λ=0.3, ν=0.7. Let our sample sizes be equal nX and nY, and we consider the m-th unit’s 

demand and different initial storage levels K=0..3. All calculations have performed for  

r = 1000 realizations in the case of the resampling-approach. 

We intend to compare the variance of the estimators of the resampling-approach with 

the mean squared error of the classical approach. It is so because of the resampling-

approach estimators are unbiased, but the classical ones on the contrary have bias. 

In the table 6.3 we can see the resampling-estimators’ variance *ΘVar  comparing with 

classical approach estimators’ variance Θ̂Var , bias Θ̂Bias , and mean squared error 

)ˆ(ΘMSE .  
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Table 6.3  
Experimental results for real probabilities of shortage absence Θ , Classical Θ̂  and  

Resampling *Θ  estimators of Θ  
  K=0 K=1 K=2 K=3 

Θ  .9218 .9527 .9747 .9887 
Θ̂Bias  .0862 .0654 .044 .0249 
Θ̂Var  .0956 .0711 .047 .0262 

Θ̂MSE  .103  .0753 .0489 .0269 

n1=14 
n2=13 
m=6 
λ=0.3 
ν=0.7 

*ΘVar  .0123 .0085 .0093 .0081 
Θ  .874 .9295 .9695 .9919 

Θ̂Bias  .1096 .0808 .0473 .0167 
Θ̂Var  .1318 .0963 .0555 .0195 

Θ̂MSE  .1438 .1028 .0577 .0198 

n1=14 
n2=13 
m=6 
λ=0.5 
ν=0.7 

*ΘVar  .0142 .0237 .021 --- 
Θ  .7155 .8046 .8809 .9391 

Θ̂Bias  .1124 .1066 .0891 .0624 
Θ̂Var  .1431 .1292 .1037 .0701 

Θ̂MSE  .1558 .1406 .1116 .074 

n1=10 
n2=9 
m=4 
λ=0.3 
ν=0.7 

*ΘVar  .0551 .0453 .0482 .0474 
 
The table shows how changes the results depending on different sample sizes n, unit’s 

number m and initial storage level K. 

Analyzing table’s results we can draw the conclusion that the variance and 

corresponding mean squared error of both approaches decreases with the increasing of 

sample sizes n, m, and initial storage level K. The variance of the resampling-estimators is 

almost always smaller than traditional one. However the resampling-estimators are 

unbiased. Taking as the criterion the mean squared error resampling gives even better 

results for big values of K.  

6.6. Logistics example 

Let’s consider the example of the determining of the average income value of the 

received commodity units with the following initial data: 

 K - initial inventory level; 

 f(k) – the cast of initial inventory level ordering. (for example, f(k)=b0+b1·k); 

 cd – the income from the fulfillment of the one demand; 

 cs – the penalty of the delay of fulfillment of the demand. 

The average income from the m units demand fulfillment: 









⋅+−⋅=Π ∑

=

m

i
isd KPcKfcmKm

1
)()(),( , (6.21)
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where )(KPi  is the probability that with the initial inventory level K in the moment of the 

i-th unit demand the shortage will occur.  

Because of the resampling approach gives the unbiased estimators of the function 

value, the expectation of this estimator coincides with the real parameter’s value.  

There was found the probability of the shortage absence at the moment of the i-th units 

demand 1- )(KPi  was obtained in the previous part of this chapter. It is clear that the 

probability of the opposite event can be obtain as follows: )(KPi . 

The average damage in the process of m units demand fulfillment: 

∑
=

⋅+=Ξ
m

i
is KPcKfKm

1
)()(),( . (6.22)

Therefore: ),(),( KmcmKm d Ξ−⋅=Π . 

The task comes to the maximization of the incomes or the minimization of the damages: 

),(),(max KmcmKm dK
Ξ−⋅=Π  or ∑

=

⋅+=Ξ
m

i
isK

KPcKfKm
1

)()(),(min . 

Let’s analyze this function’s changing depending from K with the fixed values of other 

parameters cd=2, cs=5, b0=0, b1=0.2, the normal distribution of the demand N(2,1), the 

normal distribution of the supply N(2.5,0.2). The shortage absence probabilities are 

presented in the table 6.4: 1-Pi(K). 

Table 6.4  

The probabilities of the shortage absence 

 K=0 K=1 K=2 K=3 K=4 K=5 
m=1 0.312 1 1 1 1 1 
m=2 0.244 0.853 1 1 1 1 
m=3 0.198 0.716 0.978 1 1 1 
m=4 0.163 0.597 0.931 0.997 1 1 
m=5 0.136 0.5 0.865 0.987 1 1 
m=6 0.115 0.42 0.79 0.966 0.998 1 
m=7 0.097 0.355 0.712 0.933 0.993 1 
m=8 0.083 0.301 0.636 0.889 0.982 0.999 
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Table 6.5  

The values of the functions ),( KmΠ  and ),( KmΞ  

  K=0 K=1 K=2 K=3 K=4 K=5 
),1( KΠ  -2.816 1.8 1.6 1.4 1.2 1 m=1 
),1( KΞ  4.816 0.2 0.4 0.6 0.8 1 
),2( KΠ  -6.108 2.772 3.6 3.4 3.2 3 m=2 
),2( KΞ  10.108 1.228 0.4 0.6 0.8 1 
),3( KΠ  -9.723 2.781 5.444 5.4 5.2 5 m=3 
),3( KΞ  15.723 3.219 0.556 0.6 0.8 1 
),4( KΠ  -13.579 1.962 6.962 7.378 7.2 7 m=4 
),4( KΞ  21.579 6.038 1.038 0.622 0.8 1 
),5( KΠ  -17.624 0.462 8.02 9.285 9.197 9 m=5 
),5( KΞ  27.624 9.538 1.98 0.715 0.803 1 
),6( KΠ  -21.82 -1.595 8.549 11.044 11.181 11 m=6 
),6( KΞ  33.595 13.595 3.451 0.956 0.819 1 
),7( KΠ  -26.139 -4.109 8.532 12.572 13.129 12.997 m=7 
),7( KΞ  40.139 18.109 5.468 1.428 0.871. 1.003 
),8( KΠ  -30.559 -7.001 7.986 13.796 15.004 14.987 m=8 
),8( KΞ  46.559 23.001 8.014 2.204 0.996 1.013 

 
The values of the function ),( KmΠ  of the average income and the function of the 

average damages the in dependence on the number of the unit demand and the initial 

inventory level are presented in the table 6.5. 

In the fig. 6.7 the changing tendencies of average income and average losses from the 

initial inventory level are presented. In the moment of the 5-th unit’s demand the maximal 

average income is )3,5(Π =9.197, which comes with the initial inventory level K=3 . 

It is clear, that in the real situation the distribution of the demand and supply are 

unknown. But we can estimate them on base on available sample population. We can also 

estimate the probability of the shortage and the average income from the fulfilled units 

demand. Traditional “plug-in” and resampling methods are described in the present 

chapter. It was noticed, that if the sample sizes are small it is advisable to use resampling-

approach. It is so because this approach gives unbiased estimators of parameters with the 

less mean squared error (variance) value. Let’s demonstrate the bias of the traditional 

approach estimating the average income value. The corresponding results are presented in 

the table 6.6 (Π - real income value and Π̂  - classical estimator of the income) depending 

form the initial inventory level K and the number m of the unit’s demand. 
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Fig. 6.7 The functions’ ),( KmΠ  and ),( KmΞ  graphics depending on K. 

We can see from the tables 6.6 results, that we can choose incorrect optimum value of 

the initial inventory level because of the bias of the classical estimator.  

Table 6.6  

The bias of the classical estimator of the average income value 
  K=0 K=1 K=2 K=3 K=4 K=5 

),1( KΠ  -2.816 1.8 1.6 1.4 1.2 1 m=1 
),1(ˆ KΠ  -2.872 1.8 1.6 1.4 1.2 1 

),2( KΠ  -6.108 2.772 3.6 3.4 3.2 3 m=2 
),2(ˆ KΠ  -6.969 2.754 3.6 3.4 3.2 3 

),3( KΠ  -9.723 2.781 5.444 5.4 5.2 5 m=3 
),3(ˆ KΠ  -11.197 2.709 5.375 5.4 5.2 5 

),4( KΠ  -13.579 1.962 6.962 7.378 7.2 7 m=4 
),4(ˆ KΠ  -15.515 1.184 6.7 7.339 7.2 7 

),5( KΠ  -17.624 0.462 8.02 9.285 9.197 9 m=5 
),5(ˆ KΠ  -19.9 0.34 7.604 9.144 9.18 9 

),6( KΠ  -21.82 -1.595 8.549 11.044 11.181 11 m=6 
),6(ˆ KΠ  -24.337 -1.641 7.895 10.711 11.113 10.993 

),7( KΠ  -26.139 -4.109 8.532 12.572 13.129 12.997 m=7 
),7(ˆ KΠ  -28.814 -3.995 7.653 11.954 12.945 12.967 

),8( KΠ  -30.559 -7.001 7.986 13.796 15.004 14.987 m=8 
),8(ˆ KΠ  -33.325 -6.641 6.933 12.822 14.617 14.899 

 

The fig. 6.8. shows the optimum value of the initial inventory level K=3 in the moment 

of the 5-th unit, which maximizes the average income. The classical estimator reaches the 
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maximum with K=4. As it is known, resampling-approach gives unbiased estimators of the 

parameters, so it allows avoiding the noticed disadvantages of the classical approach.  

 

Fig. 6.8 The optimum value of the average income depending on the initial inventory 
level K 

6.7.Conclusions  

Resampling-approach can be successfully used for obtaining the estimators of 

parameters of interest of the renewal processes. Obtained formulas allow calculating the 

variance of the estimators for resampling and classical approaches. Numerical examples 

show the efficiency of suggested approach, taking estimators’ mean square error as 

efficiency criterion. This approach can be good alternative to traditional one and it can be 

applied for the inventory control of trusted, high reliable and expensive products. 
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6.8. Appendix 

 
Below the proof for formula (6.19) is given: 
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Below the proof for formula (6.20) is given: 
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Conclusion 
 

1. The work is devoted to the problems perfection of the organization and control of 

transport and logistic processes on base of intensive computer methods of statistics. 

The actuality of it is caused by the fact, that the adequate description of any process is 

necessary condition of it effective organization and control.  

 

2. Resampling, which is the main intensive computer method of statistics, comparing with 

traditional methods has the following advantages: it is nonparametric it means that it is 

free from the mistakes connected with the choosing the incorrect distribution type of 

random variables; it is based on the direct imitation of the considered process, which 

leads to this method implementation in the situations, when the analytical description 

and analysis of the process are impossible.  

 

3. The practical implementation of resampling approach distinguish with the singular 

simplicity, so the main purpose of the work consist in the investigation of its efficiency 

for the problems typical for transport and logistics. It is the theoretical part of the work. 

The efficiency of resampling approach were analyzed comparing with the traditional 

approach in the following tasks of mathematical statistics: 

 the robustness of the estimators of the multiple linear regression parameters; 

 the estimation of systems efficiency performance of the infinite servers queuing, 

which is widely implemented in reliability and insurance; 

 the comparison of two different renewal processes. 

The analytical investigations and experimental results allow to conclude, that 

resampling approach is more preferable in the case of small initial sample sizes.  

 

4. Appropriateness of the resampling approach usage is illustrated with the following 

practical tasks of the logistics and transport: 

 forecasting of the demand for aviation transport in the European Union countries, 

as the function of such factors: territory, population, gross domestic product per 

head, average month salary of one inhabitant. 

 forecasting of the reliability of the production with accumulation and 

development of damages; 

 determining of the optimal initial level of the inventory in case of random 

demand and supply processes. 
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5. The obtained theoretical results are new and didn’t found before in the literature. The 

methodic and the results of the forecasting of the demand on the passengers 

transportation by air were requested to be included in the report of the Second project 

of the Education and Science ministry: Mathematical methods development and 

estimation for the forecasting of passengers and freights flows in Baltic region.( 2. 

Izglītības un zinātnes ministrijas projektu: Matemātisko metožu izstrādāšana un 

novērtēšana pasažieru un krāvu plūsmu prognozēšanai Baltijas reģionā). 

 

6. The results of the work were presented at 9 International scientific conferences and 

seminars and were published in 9 articles. The author was the only author in 4 of them. 
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Application 1 
Table 1  

Initial data transformation and normalization 

Nr Year 
Country 
name 

x1/x2*
10-3 x3/x2 x4/x2*10-2 

x1*x4/x2 
*10-2 1x  y/x2 

1 1996 Belgium 3.008 29131 2.0943 638,9579 174,6711 1,317
2 1996 Denmark 8.207 36376 2.7675 1192,641 207,5909 2,990
3 1996 Germany 4.364 35254 2.3487 8385,409 597,5123 1,150
4 1996 Greece 12.361 11916,9 0.9179 1211,065 363,2355 1,659
5 1996 Spain 12.817 16043 1.2202 6159,137 710,4801 1,449
6 1996 France 9.442 24292 2.1409 11711,47 739,6148 0,845
7 1996 Italy 5.299 17926,2 1.7082 5145,698 548,8442 0,859
8 1996 Netherlands 2.681 28140 2.0942 869,7794 203,794 1,810
9 1996 Switzerland 5.846 42194 3.3775 1394,573 203,1994 3,311

10 1997 Belgium 3 28901 2.1249 648,3168 174,6711 1,566
11 1997 Denmark 8.169 36235,1 2.8514 1228,777 207,5909 3,150
12 1997 Germany 4.353 35093 2.3256 8302,756 597,5123 1,226
13 1997 Greece 12.28 12604,8 0.9968 1315,182 363,2355 1,732
14 1997 Spain 12.79 16192 1.2558 6338,93 710,4801 1,575
15 1997 France 9.413 24798 2.1652 11844,13 739,6148 1,353
16 1997 Italy 5.296 19026,9 1.8108 5454,786 548,8442 0,939
17 1997 Luxembourg 6.204 32600 3.6985 95,64261 50,85273 3,414
18 1997 Netherlands 2.668 28061 2.1369 887,4983 203,794 2,045
19 1998 Belgium 2.993 29616 2.1945 669,5565 174,6711 1,813
20 1998 Germany 4.351 36033 2.379 8493,364 597,5123 1,282
21 1998 Greece 12.207 13209,5 1.0083 1330,31 363,2355 2,231
22 1998 Spain 12.756 16528 1.3279 6702,906 710,4801 1,738
23 1998 France 9.383 25519 2.2576 12349,88 739,6148 1,452
24 1998 Italy 5.293 19339,8 1.8784 5658,211 548,8442 0,616
25 1998 Luxembourg 6.127 33337 4.0019 103,4884 50,85273 3,523
26 1998 Netherlands 2.653 29189 2.2464 932,9545 203,794 2,227
27 1998 Finland 65.476 24944 2.35 7920,355 580,5428 1,939
28 1998 UK 4.122 32269,4 2.142 5243,978 494,7929 2,109
29 1998 Norway 72.935 33740,8 3.0083 9753,537 569,4032 3,169
30 1999 Belgium 2.987 30701 2.3075 704,0203 174,6711 1,958
31 1999 Germany 4.352 36862 2.4526 8756,124 597,5123 1,368
32 1999 Greece 12.148 13925,7 1.085 1431,589 363,2355 2,544
33 1999 Spain 12.707 17038 1.4234 7184,831 710,4801 2,551
34 1999 France 9.351 25947 2.336 12778,48 739,6148 1,551
35 1999 Italy 5.293 19705,6 1.9468 5864,343 548,8442 1,058
36 1999 Luxembourg 6.051 34462 4.385 113,3949 50,85273 3,683
37 1999 Netherlands 2.635 30426 2.3735 985,7648 203,794 2,376
38 1999 Finland 65.32 25739 2.3444 7901,479 580,5428 1,899
39 1999 UK 4.122 32269,4 2.3143 5665,913 494,7929 2,244
40 1999 Norway 72.935 33740,8 3.3377 10821,58 569,4032 4,044
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Initial data transformation and normalization (continuation of the table 1) 

Nr Year 
Country 
name 

x1/x2*10
-3 x3/x2 

x4/x2*10
-2 

x1*x4/x2 
*10-2 1x  y/x2 

41 2003 Belgium 2.946 34643 2.6028 794,1263 174,6711 1,457 
42 2003 Denmark 8.005 44692 3.5042 1510,116 207,5909 3,636 
43 2003 Germany 4.326 40375 2.6211 9358,012 597,5123 1,468 
44 2003 Greece 11.988 16738,5 1.4006 1847,925 363,2355 2,565 
45 2003 Spain 12.149 19220 1.8786 9482,686 710,4801 2,894 
46 2003 Luxembourg 5.768 39587 5.3437 138,1886 50,85273 3,232 
47 2003 Netherlands 2.565 36600 2.9418 1221,778 203,794 2,542 
48 2003 Finland 64.735 30996 2.7622 9309,36 580,5428 2,020 
49 2003 Sweden 50.327 32177,4 2.9891 13449,94 670,7936 2,286 
50 2000 Germany 4.345 37253 2.5102 8962,082 597,5123 1,470 
51 2000 France 9.311 26521 2.4535 13421,12 739,6148 1,640 
52 2000 Luxembourg 5.964 35875 4.9074 126,9054 50,85273 3,818 
53 2000 Sweden 50.778 31620,8 2.933 13197,51 670,7936 2,746 
54 2000 Norway 72.395 36201,5 4.0433 13109,18 569,4032 4,481 
55 2000 Switzerland 5.763 43683 3.7229 1537,177 203,1994 4,592 
56 2001 Denmark 8.056 41661,2 3.3188 1430,185 207,5909 3,700 
57 2001 Germany 4.34 38204 2.5694 9173,225 597,5123 1,438 
58 2001 France 9.265 27319 2.5358 13871,4 739,6148 1,599 
59 2001 Italy 5.288 20583 2.139 6443,282 548,8442 1,157 
60 2001 Luxembourg 5.891 37745 5.0159 129,7112 50,85273 3,687 
61 2001 Sweden 50.656 30467,1 2.7601 12419,67 670,7936 2,714 
62 2001 Norway 71.994 38603,8 4.2108 13652,34 569,4032 4,440 
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Table 2  

The transportation forecasts values (Model 2 building data) 
Population individual mobility 

Nr Country name Year Real value Classical 
estimator 

Resampling 
estimator 
m=16 

Advantage 

1 Belgium 1996 1,317 1.818 1.793 R 
2 Denmark 1996 2,990 3.065 3.080 C 
3 Germany 1996 1,150 1.197 1.201 C 
4 Greece 1996 1,659 1.778 1.794 C 
5 Spain 1996 1,449 1.962 1.943 R 
6 France 1996 0,845 1.383 1.363 R 
7 Italy 1996 0,859 0.835 0.853 R 
8 Netherlands 1996 1,810 2.018 2.042 C 
9 Switzerland 1996 3,311 3.241 3.254 R 

10 Belgium 1997 1,566 1.793 1.768 R 
11 Denmark 1997 3,150 3.039 3.054 R 
12 Germany 1997 1,226 1.214 1.218 R 
13 Greece 1997 1,732 1.855 1.871 C 
14 Spain 1997 1,575 1.945 1.925 R 
15 France 1997 1,354 1.429 1.408 R 
16 Italy 1997 0,939 0.846 0.865 R 
17 Luxembourg 1997 3,414 3.463 -1.692 C 
18 Netherlands 1997 2,045 1.985 2.010 R 
20 Belgium 1998 1,813 1.811 1.785 C 
22 Germany 1998 1,282 1.247 1.250 R 
23 Greece 1998 2,231 1.943 1.958 R 
24 Spain 1998 1,738 1.917 1.898 R 
25 France 1998 1,451 1.389 1.368 C 
26 Italy 1998 0,616 0.778 0.797 C 
27 Luxembourg 1998 3,523 3.527 -1.745 C 
28 Netherlands 1998 2,227 2.015 2.040 R 
29 Finland 1998 1,939 1.892 1.823 C 
30 UK 1998 2,109 2.306 2.321 C 
31 Norway 1998 3,169 3.076 2.984 C 
32 Belgium 1999 1,958 1.836 1.808 C 
33 Germany 1999 1,368 1.210 1.214 R 
34 Greece 1999 2,544 2.023 2.039 R 
35 Spain 1999 2,551 1.892 1.873 C 
36 France 1999 1,551 1.315 1.294 C 
37 Italy 1999 1,058 0.718 0.738 R 
38 Luxembourg 1999 3,683 3.624 -1.826 C 
39 Netherlands 1999 2,376 2.042 2.067 R 
40 Finland 1999 1,899 2.050 1.978 R 

    17 21 17/21 
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Table 3  

The transportation forecasts values (Model 2 validation data) 
Population individual mobility 

Nr Country 
name Year Real value Classical 

estimator 
Resampling 
estimator 
m=16 

Advantage 

41 UK 1999 2,244 1.974 1.993 R 
42 Norway 1999 4,044 3.029 2.937 C 
43 Belgium 2003 1,457 1.959 1.925 R 
44 Denmark 2003 3,636 3.621 3.636 R 
45 Germany 2003 1,468 1.388 1.388 R 
46 Greece 2003 2,566 2.332 2.348 R 
47 Spain 2003 2,894 1.661 1.643 C 
48 Luxembourg 2003 3,232 4.073 -2.190 C 
49 Netherlands 2003 2,542 2.207 2.235 R 
50 Finland 2003 2,020 2.994 2.911 R 
51 Sweden 2003 2,286 3.858 3.763 R 
52 Germany 2000 1,470 1.121 1.125 R 
53 France 2000 1,640 1.190 1.171 C 
54 Luxembourg 2000 3,818 3.745 -1.930 C 
55 Sweden 2000 2,746 3.749 3.655 R 
56 Norway 2000 4,481 3.410 3.314 C 
57 Switzerland 2000 4,591 3.272 3.286 R 
58 Denmark 2001 3,700 3.404 3.419 R 
59 Germany 2001 1,438 1.136 1.140 R 
60 France 2001 1,599 1.174 1.153 C 
61 Italy 2001 1,157 0.521 0.544 R 
62 Luxembourg 2001 3,687 3.911 -2.060 C 
63 Sweden 2001 2,714 3.575 3.484 R 
64 Norway 2001 4,440 3.851 3.750 C 

    9 15 9/15 
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 Table 4  

The transportation forecasts values (Model 3 building data) 
Population individual mobility 

Nr Country name Year Real value Classical 
estimator 

Resampling 
estimator m=20 

Advantage 

1 Belgium 1996 1.317 1.544 1.504 R 
2 Denmark 1996 2.990 2.941 2.941 R 
3 Germany 1996 1.150 1.230 1.225 R 
4 Greece 1996 1.659 1.900 1.898 R 
5 Spain 1996 1.449 1.710 1.682 R 
6 France 1996 0.845 1.321 1.310 R 
7 Italy 1996 0.859 0.938 0.928 R 
8 Netherlands 1996 1.810 1.918 1.895 R 
9 Switzerland 1996 3.311 3.531 3.673 C 

10 Belgium 1997 1.566 1.654 1.651 R 
11 Denmark 1997 3.150 3.197 3.277 C 
12 Germany 1997 1.226 1.257 1.256 R 
13 Greece 1997 1.732 2.059 2.082 R 
14 Spain 1997 1.575 1.727 1.707 R 
15 France 1997 1.354 1.371 1.363 R 
16 Italy 1997 0.939 0.966 0.957 R 
18 Netherlands 1997 2.045 2.005 2.014 R 
20 Belgium 1998 1.813 1.698 1.705 R 
22 Germany 1998 1.282 1.306 1.310 C 
23 Greece 1998 2.231 2.064 2.066 R 
24 Spain 1998 1.738 1.767 1.763 R 
25 France 1998 1.451 1.354 1.347 C 
26 Italy 1998 0.616 0.913 0.904 R 
28 Netherlands 1998 2.227 2.067 2.087 R 
29 Finland 1998 1.939 1.885 1.755 C 
30 UK 1998 2.109 2.286 2.284 R 
32 Belgium 1999 3.169 3.166 3.070 C 
33 Germany 1999 1.958 1.782 1.810 R 
34 Greece 1999 1.368 1.258 1.256 C 
35 Spain 1999 2.544 2.215 2.239 R 
36 France 1999 2.551 1.827 1.844 R 
37 Italy 1999 1.551 1.295 1.288 C 
39 Netherlands 1999 3.683 0.871 0.862 C 
40 Finland 1999 2.376 2.146 2.183 R 
41 UK 1999 1.899 1.886 1.717 C 
    10 25 10/25 
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Table 5  

The transportation forecasts values (Model 3 validation data) 
Population individual mobility 

Nr Country 
name Year Real value Classical 

estimator 
Resampling 
estimator m=20 

Advantage 

1 Belgium 2003 1.457 1.809 1.826 C 
2 Denmark 2003 3.636 3.686 3.770 C 
3 Germany 2003 1.468 1.526 1.555 C 
4 Greece 2003 2.566 2.834 2.953 C 
5 Spain 2003 2.894 1.975 2.079 R 
7 Netherlands 2003 2.542 2.407 2.485 R 
8 Finland 2003 2.020 3.132 3.073 R 
9 Sweden 2003 2.286 4.852 5.118 C 

10 Germany 2000 1.470 1.141 1.125 C 
11 France 2000 1.640 1.194 1.184 C 
13 Sweden 2000 2.746 4.665 4.905 C 
14 Norway 2000 4.481 6.160 6.830 C 
15 Switzerland 2000 4.591 4.200 4.527 R 
16 Denmark 2001 3.700 3.646 3.769 R 
17 Germany 2001 1.438 1.168 1.154 C 
18 France 2001 1.599 1.191 1.182 C 
19 Italy 2001 1.157 0.721 0.711 C 
21 Sweden 2001 2.714 4.203 4.358 C 
22 Norway 2001 4.440 6.671 7.373 C 
    14 5 14/5 
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