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Abstract. In first section of paper we will prove that for linear Markov dynamical sys-
tems an equilibrium asymptotic stochastic stability is equivalent to exponential p-stability
for sufficiently small positive values p. Then we will prove that exponential p-stability
of linearized in vicinity of equilibrium Markov dynamical system guarantees equilibrium
asymptotic (local) stochastic stability.This result permits to construct such Lyapunov
quadratic functional, which one may use for local equilibrium stochastic stability of suffi-
ciently smooth nonlinear Markov dynamical systems.
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1 Stochastic stability of linear differential equations with Markov coefficients

Let y(t) be Feller type Markov process on phase space Y and with weak infinitesimal operator
[Doob] L,f(x, y) be a continuous mapping R

n × Y → R
n, and f(0, y) ≡ 0. The solution of

equation
dx(t)

dt
= f(x(t), y(t)) (1)

with initial condition x(s) = x, y(s) = y we will denote x(t, s, x, y). We will say [3] that trivial
solution of differential equation (1)

• locally stable almost sure, if for any s ∈ R, η > 0 and β > 0 there exists such δ > 0 that
the inequality

sup
y∈Rm

ξ∈G

P(sup
t≥s

|x(t, s, x, y)| > η) < β, (2)

follows the condition x ∈ Bδ(0), where Bδ(0) := {x ∈ R
n : |x| < δ};
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• locally asymptotically stochastically stable, if it is locally almost sure stable and there exists
such γ > 0 that the trajectories which do not leave the ball Bγ tend to 0 as t → ∞;

• asymptotically stochastically stable, if it is locally almost sure stable and for any x ∈ R
n,

s ∈ R, and c > 0 the equality

lim
T→∞

sup
y∈Rm

ξ∈G

P(sup
t>T

|x(t, s, x, y)| > c) = 0 (3)

is fulfilled;

• exponentially p-stable, if there exist such positive numbers M and γ that for any x ∈
R

n, y ∈ R
m, ξ ∈ G, s ∈ R and t > s the inequality

E |x(t, s, x, y)|p ≤ M |x|pe−γ(t−s) (4)

is fulfilled.

In this section we will deal with linear differential equations in R
n

dx

dt
= A(y(t))x, (5)

where A(y) is continuous bounded matrix-valued function and y(t) is stochastically contin-
uous Feller Markov process with weak infinitesimal operator Q. The pair {x(t), y(t)} forms
[Skorokhod] homogeneous stochastically continuous Markov process with the weak infinitesimal
operator L0 defined by equality

L0 v(x, y) = (A(y) x, ∇x) v(x, y) + Qv(x, y). (6)

It is clearly that there exists family of the matrix-valued functions {X(t, s, y), t ≥ s ≥ 0},
defined by equality X(t, s, y)x = x(t, s, x, y), where x(t, s, x, y) is the solution of Cauchy problem
x(s, s, x, y) = x under condition y(s) = y. The matrices X(t, s, y) also satisfy the equation (5)
for all t > s and initial condition X(s, s, y) = I, where I is matrix unit. This matrix family
has the evolution property:

X(t, s, y) = X(t, τ, y(τ))X(τ, s, y) (7)

for any y ∈ Y, t ≥ τ ≥ s ≥ 0. Let us define the Lyapunov p-index of (5) as

λ(p) = sup
x,y

lim
t→∞

1
pt

ln E|X(t, s, y)x|p. (8)

Not so difficult to prove that exponential p-stability of trivial solution of the equation (5) is
equivalent to inequality λ(p) < 0. Because

(E|X(t, s, y)x|p1)1/p1 ≤ (E|X(t, s, y)x|p2)1/p2 (9)

for any positive p1 < p2, the inequality

λ(p1) ≤ λ(p2) (10)
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follows the inequality p1 < p2 and λ(p) is monotone decreasing function as p decreases to 0. It
is intuitively clearly, that asymptotic stochastic stability of (5) is equivalent to the condition

∃p0 > 0, ∀p ∈ (0, p0) : λ(p) < 0.

We will assentially use further this assertion and hence it should be proven.

Lemma 1. If the equation (5) is asymptotically stochastically stable then it is exponentially
p-stable for all sufficiently small positive p.

Proof. Let us put in definition of almost sure stability η = 1, β = 1
2

and choose so small
positive α that the inequality

sup
|x|≤2−α

y∈Y

P(sup
t≥0

|X(t, 0, y)x| > 1) < 1
2
.

is fulfilled. Due to a linearity of the equation (5) from the above inequality one may write the
inequality

sup
|x|≤2−α(l−1)

y∈Y

P(sup
t≥0

|X(t, 0, y)x| > 2lα) < 1
2

for any l ∈ N. Let us denote

gl := sup
|x|≤1
y∈Y

P(sup
t≥0

|X(t, 0, y)x| ≥ 2lα).

The pair {x(t), y(t)} is stochastically continuous Markov process and it has the Markov prop-
erty in the moment τ1(x) of exit of the trajectory x(t, 0, x, y) from the ball B1(0) if x ∈ B1(0).
Hence

g
l+1

= sup
|x|≤1
y∈Y

P(sup
t≥0

|X(t, 0, y)x| ≥ 2(l+1)α)

= sup
|x|≤1
y∈Y

∞∫
s=0

∫
|u|=2lα

v∈Y

Px,y(τ1(x) ∈ ds, x(s) ∈ du, y(s) ∈ dv)×

×P(sup
t≥0

|X(t, 0, v)u| > 2(l+1)α)

≤ sup
|x|≤2lα

y∈Y

P(sup
t≥0

|X(t, 0, y)x| > 2(l+1)α) sup
|x|≤1
y∈Y

×

×
∞∫

s=0

∫
|u|=2lα

v∈Y

Px,y(τ1(x) ∈ ds, x(s) ∈ du, y(s) ∈ dv)

≤ 1

2
sup
|x|≤1
y∈Y

P(sup
t≥0

|X(t, 0, y)x| ≥ 2lα) = 1
2
gl.

volume 5 (2012), number 2 27



Aplimat - Journal of Applied Mathematics

Hence g
l
≤ 1

2l for any l ∈ N. Let us denote

ζ := sup
t≥0

|x(t, 0, x, y)|p.

It is clearly to see that for all p > 0, x ∈ R
n, y ∈ Y it may be written

E ζ ≤ |x|p sup
|x|≤1

E ζ ≤
∞∑
l=1

2lαp
P(sup

t≥0
|x(t, 0, x, y)| ≥ 2(l−1)α)

≤
∞∑
l=1

2lαp2−l|x|p := K1|x|p.

Therefore random variable ζ has expectation for all x ∈ R
n, y ∈ Y, p ∈ (0, α−1). According

to Lemma’s conditions the solution of (5) x(t, 0, x, y) tends to 0 almost sure as t tends to ∞
uniformly on y ∈ Y and by the Lebesque Theorem one can write

lim
t→∞

sup
y∈Y

E|x(t + s, s, x, y)|p = 0

for all x ∈ R
n, p ∈ (0, α−1). Besides, not complicatedly to verify that this convergence is

uniform on x in the ball B1(0) and s ≥ 0, i.e.

lim
t→∞

sup
x∈B1(0)

y∈Y

E|x(t + s, s, x, y)|p = 0.

Now we can choose a number T so large then the inequality

sup
y∈Y

E|x(t + s, s, x, y)|p ≤ |x|pe−1

is fulfilled and further, by using the inequality

E|x(lT, 0, x, y)|p =

∫
Rn

∫
Y

P(x, y, (l − 1)T, du, , dv)E|x(T, 0, u, v)|p

≤ e−1
E|x((l − 1)T, 0, x, y)|p,

where P(x, y, t, du, , dv) is transition probability of homogeneous Markov process {x(t), y(t)},
one can write

E|x(t, 0, x, y)|p ≤ K1e
−[

t
T

]T |x|p,
where [a] is integer of number a. This inequality completes the proof.

To analyze the behaviour of solutions of (5) one may use well known the Dynkin formula [2]

E
(u)
x,yv(x(τr(t)), y(τr(t))) = v(x, y) + E

(u)
x,y

⎧⎨
⎩

τr(t)∫
u

(L0v)(x(s), y(s)) ds

⎫⎬
⎭ , (11)

where the indexes of expectation denote the condition x(u) = x, y(u) = y and τr(t) =
min{τr, t}, τr = inf{t > u : x(t, u, x, y) /∈ Br(0)}. If u = 0, then upper index will be absent.
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If for all t ≥ u ≥ 0 there exist the expectations Ex,yv(x(t), y(t)) and Ex,y(L0v)(x(t), y(t)) one
can use the Dynkin formula (11) in the more simple form

E
(u)
x,yv(x(t), y(t)) = v(x, y) +

t∫
u

E
(u)
x,y(L0v)(x(s), y(s)) ds. (12)

Sometimes it is necessary to use the Lyapunov functions depending also on argument t. If the
function v(t, x, y) belongs (as the function of arguments x and y) to the region of definition
of infinitesimal operator L0 and has continuous t-derivative, one may use the Dynkin formula
(11) in the form

E
(u)
x,yv(τr(t), x(τr(t)), y(τr(t))) =

= v(u, x, y) + E
(u)
x,y

⎧⎨
⎩

τr(t)∫
u

(
∂
∂s

+ L0

)
v(s, x(s), y(s)) ds

⎫⎬
⎭ ,

or formula (12) in the form

E
(u)
x,yv(t, x(t), y(t)) =

= v(u, x, y)+

t∫
u

E
(u)
x,y

{( ∂

∂s
+ L0

)
v(s, x(s), y(s))

}
ds. (13)

Besides Dynkin formula and the Second Lyapunov method one can use also well known the
supermartingale inequality [1] for positive supermartingale {ξ(t), Ft} with filtration Ft in the
form

P(sup
t≥u

ξ(t) ≥ c) ≤ 1
c
Eξ(u). (14)

Lemma 2. The trivial solution of equation (5) is exponentially p-stable if and only if there
exists the Lyapunov function v(x, y), which satisfies the conditions

c1|x|p ≤ v(x, y) ≤ c2|x|p, c1 > 0 (15)

L0v(x, y) ≤ − c3|x|p, c3 > 0 (16)

for all x ∈ R
n, y ∈ Y with some positive p.

Proof. Let there exists above mentioned the Lyapunov function. It is clearly to verify that

(
∂
∂s

+ L0

)(
v(x, y)e

c3
c2

t
)

≤ 0,

and then one can write

Ex,yv(x(t), y(t))e
c3
c2

t ≤ v(x, y) ≤ c2|x|p
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for all t > 0, x ∈ R
n and y ∈ Y. Hence

Ex,y|x(t)|p ≤ 1
c1

e
− c3

c2
t
Ex,yv(x(t), y(t))e

c3
c2

t ≤ c2
c1

e
− c3

c2
t|x|p

and the equation (5) is exponentially p-stable. By using the solutions x(t + s, s, x, y) of the
equation (5) one can construct for any T > 0 function

v(x, y) :=

T∫
0

E|x(s + t, s, x, y)|p dt, (17)

which do not dependent on s owing to homogeneity of Markov process y(t). It is easily to verify
that under conditions that the matrix A(y) is uniformly bounded, that is, supy∈Y ||A(y)|| :=
a < ∞ this function satisfies the conditions (15). Let L0 be the weak infinitesimal operator of
the pair {x(t), y(t)}. If the trivial solution of equation (5) is exponentially p-stable, one can
write the inequality

L0 v(x, y) = limδ→0
1
δ
[

T∫
0

Ex,y{Ex(δ),y(δ)|x(t)|p} dt −
T∫
0

Ex,y|x(t)|p dt]

= limδ→0
1
δ
[

T∫
0

Ex,y|x(t + δ)|p dt −
T∫
0

Ex,y|x(t)|p dt]

= Ex,y|x(T )|p − |x|p ≤ (Me−γT − 1)|x|p,

where M and γ are constants from from definition of exponential p-stability stability. Now we
can put T = (ln2 + lnM)/γ and proof is complete.

Corollary 1. In the conditions of Lemma 2 the trivial solution of equation (5) is asymptotically
stochastically stable.

Proof. Due to formula (16) for v(t, x, y) = v(x, y)e
c3
c2

t
one may conclude that random process

ξ(t) := v(x(t), y(t))e
c3
c2

t

is positive supermartingale. Hence

sup
y∈Y

P(sup
t≥0

|x(t, 0, x, y| > ε) = sup
y∈Y

P(sup
t≥0

|x(t, 0, x, y|p > εp)

≤ sup
y∈Y

Px,y(sup
t≥0

{ 1
c1

v(x(t), y(t))} > εp)

= sup
y∈Y

Px,y(sup
t≥0

{ 1
c1

ξ(t)e
− c3

c2
t} > εp)

≤ sup
y∈Y

Px,y(sup
t≥0

ξ(t) > εpc1) ≤ 1
εpc1

Ex,yξ(0) ≤ c2
εpc1

|x|p
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and trivial solution of (5) is stochastically stable almost sure. Now to prove asymptotic stochas-
tic stability one can apply the supermartingale inequality (14) and write the inequalities

sup
y∈Y

P(sup
t≥u

|x(t, u, x, y| > c) = sup
y∈Y

P(sup
t≥u

|x(t, u, x, y|p > cp)

≤ sup
y∈Y

P
(u)
x,y(sup

t≥u
{ 1

c1
v(x(t), y(t))} > cp)

≤ sup
y∈Y

P
(u)
x,y(sup

t≥u
{ 1

c1
)ξ(t)e

− c3
c2

t} > cp)

≤ sup
y∈Y

P
(u)
x,y(sup

t≥u
{ 1

c1
)ξ(t)e

− c3
c2

u} > cp) ≤ 1
cpc1

Eξ(u) ≤ c2
cpc1

|x|pe−
c3
c2

u
.

2 Stochastic stability by linear approximation

In this section we will consider the quasilinear equation

dx̃

dt
= A(y(t))x̃ + g(x̃, y(t)), (18)

under conditions that the matrix A(y) and Markov process y(t) satisfy the conditions of the
Section 1, the function g(x, y) has bounded continuous x-derivative with conditions g(0, y) ≡ 0,
and for any r > 0 its x-derivative is uniformly bounded at any ball Br(0) , i.e.

sup
y∈Y

x∈Br(0)

||Dxg(x, y)|| := gr < ∞ (19)

Theorem 1.If the equation (5) is asymptotically stochastically stable and lim
r→0

gr = 0, then the

trivial solution of equation (18) is asymptotically stochastically stable.

Proof. Side by side with the equation (18) we will consider the equation (5) as an equation
of its linear approximation. Due to Lemma 1 and Lemma 2 we can construct the Lyapunov
function (17) with some small positive p. Because the matrix-valued function Dxx(t, 0, x, y) is
the Cauchy matrix of the equation (5) it permits the estimation

sup
y∈Y

E||Dxx(t + s, s, x, y)||p ≤ h2e
−γt

with some positive constants h, γ for all t > 0. Therefore the above Lyapunov function
satisfies the conditions (15)-(16) and by construction for all x �= 0 has x-derivative satisfying
the inequalities

|�xv(x, y)| = |
T∫

0

E{�x|x(t + s, s, x, y)|p} dt|

≤ p

T∫
0

E{|x(t + s, s, x, y)|(p−2)|{Dxx(t + s, s, x, y)}x(t + s, s, x, y)|} dt

≤ p|x|(p−1)

T∫
0

sup
y∈Y

E||Dxx(t + s, s, x, y)||p dt ≤ c3|x|(p−1)
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with some positive c3. Because the above estimations do not dependent on initial time moment
s we will put for simplicity s = 0. Now one can estimate the function Lv(x, y) where L is weak
infinitesimal operator of the pair {x̃(t), y(t)}:

Lv(x, y) := (A(y)x + g(x, y),�x)v(x, y) + Qv(x, y)

= L0 v(x, y) + (g(x, y),�x) v(x, y)

≤ −1
2
|x|p + c3|x|p|g(x, y)| ≤ (grc3 − 1

2
)|x|p

for all y ∈ Y, x ∈ Br(0), r > 0. Hence, due to Dynkin formula, we may use inequality

E
(u)
x,yv(x̃(τr(t)), y(τr(t))) = v(x, y) + E

(u)
x,y{

τr(t)∫
u

(Lv)(x̃(s), y(s)) ds}

≤ v(x, y) + (grc3 − 1

2
)E(u)

x,y{
τr(t)∫
u

|x̃(s)|p ds} (20)

for all y ∈ Y, x ∈ Br(0), r > 0, t ≥ u ≥ 0. If r is sufficiently small number the second
summand in the right hand part of inequality (16) is nonpositive. Hence the stochastic process
v(x̃(τr(t)), y(τr(t))) is supermartingale and we can write the inequalities

Px,y(sup
t≥0

|x̃(t)| > ε) = Px,y(sup
t≥0

|x̃(t)|p > εp)

= Px,y(sup
t≥0

|x̃(τr(t))|p > εp) ≤ Px,y(sup
t≥0

v(x̃(τr(t)), y(τr(t)))

> c1ε
p) ≤ v(x, y)

c1εp
≤ c2δ

p)

c1εp
(21)

for all y ∈ Y, x ∈ Bδ(0), δ ∈ (0, ε), ε ∈ (0, r) and sufficiently small r > 0. The local stability
almost sure immediately follows from these inequalities. Let us define function

hR(r) =

⎧⎪⎨
⎪⎩

1, for x ∈ [0, R)
2R−r

R
, for x ∈ [R, 2R)

0, for x ≥ 2R.

The differential equation

dxR

dt
= A(y(t))xR + hR(|xR(t)|)g(xR, y(t)) (22)

has unique solution of the Cauchy problem xR(0) = x because function hR(|x|)g(x, y) satisfies
the Lipschitz condition with constant c2R. Hence the pair {xR(t), y(t)} is Markov process with
weak infinitesimal operator LR defined by equality

LRv(x, y) = (A(y)x, �x)v(x, y) + (hR(|x|)g(x, y),�x)v(x, y) + Qv(x, y)

= L0v(x, y) + (hR(|x|)g(x, y),�x)v(x, y)

and choosing R such small that (c2Rc3 − 1
2
) := −c4 < 0 one can write the inequality

LRv(x, y) ≤ −c4|x|p.
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Therefore

E
(u)
x,yv(xR(t), y(t)) ≤ v(x, y) − c4

t∫
u

E
(u)
x,y|xR(s)|p ds

≤ v(x, y) − c4

c1

t∫
u

E
(u)
x,yv(xR(s), y(s)) ds (23)

for all t ≥ u ≥ 0. Hence the stochastic process v(xR(t), y(t)) is positive supermartingale and
one can write

Px,y(sup
t≥s

|xR(t)| > ε) = Px,y(sup
t≥s

|xR(t)|p > εp)

≤ Px,y(sup
t≥s

v(xR(t), y(t)) > c1ε
p) ≤ 1

c1εp
Ex,yv(xR(s), y(s)) (24)

for all y ∈ Y, x ∈ BR(0), ε ∈ (0, R) and sufficiently small R > 0. It is not complete to get the
inequality

Ex,yv(xR(t), y(t)) ≤ v(x, y)e
− c4

c1
t ≤ c2|x|pe−

c4
c1

t

from the inequality(19), and then f it can be written

Px,y(sup
t≥s

|xR(t)| > ε) ≤ c2|x|p
εpc1

e
− c4

c1
s
.

Hence all solutions of the equation (22) which have start at t = 0 in the ball Bε(0) with
ε ∈ (0, R) and sufficiently small R tend to 0 with probability one. But up to time of the ball
Bε(0) leaving the solutions of the equations (18) and (22) with the same initial conditions in
the ball Bε(0) are coincident. So all solutions of (18) which do not leave the ball Bε(0) with
sufficiently small ε tend to zero with probability one and the proof is complete.
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