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UDK 621.004 

V.I. Beresnevich, V.Yu. Yevstignejev 

Riga Technical University (Latvia) 

DAMAGE VIBRODIAGNOSTICS IN INITIALLY SYMMETRIC 
STRUCTURES  

This paper considers new damage detection methods, based on utilization of specific 

vibration effects caused by the distortions of system’s initial symmetry due to appear-

ance of faults. Dynamic behavior of damaged structure under the test harmonic exci-

tation is analyzed using two methods: analogue-digital simulation on specialized 

computer system and numerical solution with program ANSYS. It is shown that specif-

ic distortions of flexural modes and vibration spectrum can be used as diagnostic 

signs of defects. The main advantage of this approach lies in the more high detection 

sensitivity in comparison with traditional resonant frequency methods. Further rise of 

detection sensitivity can be achieved by insertion of additional nonlinear element into 

the structure of testing object. 

Initially symmetric structural elements or units are widely used in machines and engi-

neering objects (reinforced members of thin-walled structures, sections of shafts or pipelines, 

etc.). Damages, which can appear in such structures, disturb their initial symmetry, and that 

can be the reason for appearance in the system of specific vibration effects.  

At present, to detect damages in engineering structures, vibration methods of nonde-

structive testing are widely used [1]. The majority of existing vibration techniques is based 

on the monitoring of changes in resonant frequencies [2] or in damping factors [3]. But these 

vibration procedures do not always come up to practical requirements because of their inhe-
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rently low sensitivity to defects. For example [4], the presence of a crack, which makes up 

about 10~20% of the undamaged cross-sectional area, reduces the natural frequencies of a 

component only by 0.6~1.9%. Besides, natural frequencies and damping factors of real struc-

tures can change their values not only through the generation of cracks, but also due to relax-

ation, wear, etc., and this latter change of parameters may be highly significant (up to 

10~15%). Other demerit of existing vibration methods lies in the necessity to determine natu-

ral frequencies and damping characteristics of the structure in its undamaged condition and in 

the further monitoring of changes of these parameters while structure is in use. Such a proce-

dure is very laborious and requires many working hours of trouble-shooting. 

This paper considers possibilities to increase damage detection sensitivity by the utili-

zation of specific vibration effects caused by the distortions of system‘s initial symmetry due 

to appearance of defects. Besides, in accordance with findings of works [1,5], it has been 

found advantageous to insert an additional nonlinear elastic element into the structure of test-

ing object in order to increase the detection sensitivity.  

Dynamic model of testing object. Object of the study is a uniform viscoelastic fixed 

beam (e.g. span of a shaft) which is initially symmetric relative to the central section. In order 

to find possible defects, forced vibrations of the beam are excited with the aid of test harmon-

ic force Psinωt applied in the middle section (Fig. 1). 

 

Fig. 1. Dynamic model of testing object 

The differential equation of forced bending vibrations of the beam can be stated as 

follows:  
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where EI and  are the flexural rigidity in bending and the distributed mass of the beam; y is 

the lateral displacement of the beam cross-section with co-ordinate x; b is the coefficient of 

internal friction; P and ω are the amplitude and the frequency of the external harmonic exci-
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tation; )( Pxx   is a Dirac delta function; xP = 0.5l is the co-ordinate of the cross-section to 

which the external harmonic force is applied; l is a length of the beam. 

Damage is simulated as a local reduction of beam‘s flexural rigidity EI in the cross-

section with co-ordinate x = xd. In this case the change of beam‘s flexural rigidity EI versus 

co-ordinate x can be mathematically described by the following expression: 

)](1[)( 0 dxxqEIxEI  ,                                                   (2) 

where q = (1 – Id/I0) is a measure of the relative damage value; dI  is the second moment of 

the damaged cross-section; I0 is the second moment of the undamaged cross-section; (x - xd) 

is a Dirac delta function. 

In the case of a fixed beam, the boundary conditions are as follows 
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Dynamics of the system has been analyzed using two different methods: modeling on 

the specialized analogue-digital computer system developed in Riga Technical University [6, 

7] and numerical simulation with program ANSYS. 

The mathematical simulation has been carried out assuming the parameters of equa-

tions (1) – (3) according to the following conditions: bω1 = 0.00785; )(EIl  2
1 = 7.1; 

Pl
2
/(EI) = 1.5; lxd = 0.25; lxP = 0.5. Here 

1
 is the first natural flexural frequency of the 

beam in the undamaged state. Other parameters of equations (1) – (3), expressed in dimen-

sionless form ( )(EIPlp 2 ; 1 ; q), have been varied within the limits of  p = 0.5  

2.0, ν = 0.25  3.50 and q = 0  0.35. Under such conditions the analysis of resonant vibra-

tions corresponding to the two first flexural modes has became possible. 

Vibration methods for damage detection. The dynamic behavior of the system un-

der study is illustrated by the amplitude-frequency characteristic (AFC), which graphically 

represents mutual connections between the driving frequency  and the half-swing of oscilla-

tions u0 = y0/l in the beam‘s cross-section with co-ordinate z = x/l = 0.4 (Fig. 2). The dotted 

line corresponds to the case of undamaged beam (q = 0), but the full line – for the beam with 

damage (q = 0.2). 
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Fig. 2. Amplitude-frequency characteristic of the beam’s flexural vibrations 

Peak points of the AFC correspond to the first (frequency νr1) and the second (fre-

quency νr2) modes of beam‘s resonant flexural vibrations. In the case of undamaged beam 

(dotted line on the AFC), the crest of the first mode and the nodal point of the second mode 

coincide with the co-ordinate lxP = 0.5 of section where external harmonic force Psinωt is 

applied. Therefore excitation force Psinωt has a sufficient effect only on the first resonant 

regime νr1 and practically does not influence the resonant oscillations of the second flexural 

mode. 

After appearance of a defect, initial symmetry of the system is disturbed. As the re-

sult, the crest point of the first mode and the node of the second mode are shifted from the 

middle section of the beam in the direction of damage location. And the value of this shift is 

increased with the rise of defect. Therefore harmonic excitation force, applied in sec-

tion lxP = 0.5, begins active action on the beam not only at the first resonant mode, but also 

at the second one. In consequence of this, beam‘s flexural vibrations by the second resonant 

mode (frequency νr2) are sufficiently intensified, and the corresponding change of the AFC 

occurs (full line on the AFC). 

Similar results have been received by numerical calculation with ANSYS (see Fig. 3). 

Modeling was performed using elements BEAM188. 
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Fig. 3. Amplitude-frequency characteristics: left – for the beam with no damage;  

right – for the beam with damage 

Distortions of flexural modes due to appearance of fault can be used as diagnostic 

signs of defects. Graphs of the first and the second modes of bending vibrations correspond-

ing to the beam‘s undamaged (q = 0; full lines) and damaged (q = 0.2; dotted lines) states are 

presented in Fig. 4. 

Specified distortions of flexural modes due to appearance of fault can be used in non-

destructive testing as information signs of defect. In this case, fault can be detected by the 

recording of parameters which are definitively related to distortions of flexural modes: 1) a 

shift Δx of nodal (or antinodal) point of beam‘s flexural mode; 2) a difference in amplitudes 

u between two points of the beam equally distant from its middle (e.g. u = u1 – u2); 3) a 

ratio of amplitudes u1/u2 in two points of the beam equally distant from its middle. 

 

 

Fig. 4. Modes of beam resonant flexural vibrations: (a) the first resonant mode; 

(b) the second resonant mode 
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The most preferable diagnostic sign has been selected taking account of its sensitivity 

to defect, convenience of measuring, and simplicity of hardware implementation. On the first 

stage parameter Δx was excluded due to its inconvenience for measuring and hardware im-

plementation. Parameters u and u1/u2 have been compared by their detection sensitivity [1] 




 ,                                                         (4) 

where Π is numerical value of diagnostic sign in initial (undamaged) condition; λ is numeri-

cal value of testing parameter (e.g. stiffness k) in initial condition; ΔΠ is absolute change of 

diagnostic sign which conforms to absolute change of parameter λ on value Δλ. 

As the result of research, it has been finally proposed that the vibration testing should 

be carried out by recording the amplitudes ratio, u1/u2, measured on the second flexural mode 

of beam‘s resonant vibrations. In this case detection sensitivity is about η = 0.9 – 1.0, that is 

sufficiently higher in comparison with the traditional resonant frequency methods [2]. 

Damage detection by the proposed linear vibration method can be carried out in the 

following operational procedure. At first, the second mode of beam‘s resonant flexural vibra-

tions is excited. After that, the ratio of amplitudes u1/u2 in two points of the beam equally 

distant from its middle is recorded. The presence and the value of defect are evaluated by the 

measured ratio of amplitudes u1/u2 with the aid of calibration curve q = f(u1/u2) preliminary 

constructed. 

Insertion of additional nonlinear element into the structure of testing object. For 

the first time the idea to increase the detection sensitivity by the special transformation of ini-

tial linear mathematical model of testing object into the nonlinear one was formulated by 

S.Tsyfansky [1,5]. In the case considered here, such transformation is made by the insertion 

of additional nonlinear elastic support into the structure of the system (Fig. 5). 

 

Fig. 5. Dynamic model of the beam interacting with nonlinear elastic support 
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Forced bending flexural vibrations of the damaged beam interacting with nonlinear 

elastic support Fr(y) are mathematically described by the following differential equation: 
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where )5.0( lx   is Dirac delta function, )(yFr  is a nonlinear restoring force of the addi-

tional elastic support. The sense of other symbols is the same as in equation (1). 

As before, damage which can appear in the beam is mathematically described by the 

equation (2), but boundary conditions – by the equation (3). The variant of nonlinear elastic 

support with characteristic )(yFr  of preload type is considered: 

yFkyyFr sign)( 0 .                                                    (6) 

The problem considered in this paper was solved assuming the parameters of equa-

tions (5) – (6) according to the following conditions: bω1 = 0.00785; )(EIl  2
1 = 7.1; 

Pl
2
/(EI) = 1.5; lxd = 0.75; lxP = 0.5; )(2

0 EIlF = 1; )(3 EIkl = 20. Dynamics analysis 

has been made by modeling on the specialized analogue-digital computer system [6,7] as 

well by numerical simulation with program ANSYS. Modeling with ANSYS was performed 

using two types of elements: BEAM188 for beam and COMBIN39 for nonlinear elastic sup-

port. 

Amplitude-frequency characteristics for the beam interacting with nonlinear support 

are shown in Fig. 6. These AFC are received by numerical simulation with ANSYS. As it is 

seen, damage in a beam has an influence on spectrum of forced vibrations. Specifically, addi-

tional low-frequency harmonic component (~190 Hz) appears in vibration spectrum. 

  

Fig. 6. Amplitude-frequency characteristic for the beam interacting with nonlinear support: 

left – beam without damage; right – beam with damage 
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Influence of additional elastic support on beam‘s resonant oscillations by the second 

flexural mode (frequency νr2) has been analyzed in more details. Possible distortions of the 

second flexural mode due to appearance of defect are shown in Fig. 7. As additional informa-

tion, the time responses u=f() and the spectrograms for points B and B' are presented. 

 

Fig. 7. Distortion of the second flexural mode due to appearance of fault:  

full line – undamaged beam (q = 0); dotted line – beam with damage (q = 0.2) 

If there is no damage in the beam, the nodal point of the second flexural mode coin-

cide with the co-ordinate x/l = 0.5 of location of additional nonlinear elastic support. In this 

case, nonlinearity of elastic support practically does not influence the resonant oscillations of 

the second mode. Therefore bending oscillations of undamaged beam are close to monohar-

monic ones (relative value of the 3
rd 

harmonic component u3/1 in Fourier spectrum makes up 

only 0.007). 

With the appearance of damage, the original symmetry of beam‘s resonant mode is 

disturbed, and the nodal point is moved in the direction of defect. Therefore nonlinear elastic 

support, placed in section x/l = 0.5, begins active interactions with the vibrating beam not on-

ly at the first resonant mode, but also at the second one. In consequence of this, nonlinear 

properties of the system on the second resonant regime are sufficiently intensified, and as the 

result the corresponding change of vibration spectrum occurs. For example, at q = 0.2 (see 

Fig. 7) due to the influence of nonlinear elastic support spectral ratio u3/1/u1/1 is increased 

more than ten times (in comparison with the case of q = 0) and reaches u3/1/u1/1 = 0.08 (here 

u1/1 is an amplitude of main harmonic component). Besides, the sensitivity η to defect of the 

proposed spectral diagnostic sign u3/1/u1/1 is about 1.4 – 1.5 times higher in comparison with 

the above considered linear approach. 

Damage detection by the proposed nonlinear vibration method can be carried out in 

the following operational procedure. At first, the middle section of the testing beam must be 
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connected with an additional nonlinear elastic support. After that, the second mode of beam‘s 

resonant flexural vibrations is excited, and spectral ratio u3/1/u1/1 of these vibrations is record-

ed. The presence and size of damage are evaluated by the measured value of vibration para-

meter u3/1/u1/1 with the aid of calibration curve q = f(u3/1/u1/1) preliminary constructed. 
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